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Abstract 

We generalize the classical construction principles of infinite-dimensional real (or 
complex) Lie groups to the case of Lie groups over non-discrete topological fields. 
In particular, we discuss linear Lie groups, mapping groups, test function groups, 
diffeomorphism groups, and weak direct products of Lie groups. The specific tools of 
differential calculus required for the Lie group constructions are developed. Notably, 
we establish differentiability properties of composition and evaluation, as well as ex- 
ponential laws for function spaces. We also present techniques to deal with the subtle 
differentiability and continuity properties of non-linear mappings between spaces of 
test functions. Most of the results are independent of any specific properties of the 
topological vector spaces involved; in particular, we can deal with real and complex 
Lie groups modeled on non-locally convex spaces. 



Classification: 22E65, 22E67, 58D05, 26E30 (main); 26E15, 26E20, 46A16, 46S10, 58C20 

Key words: Infinite-dimensional Lie groups, continuous inverse algebras, linear Lie groups, 
mapping groups, test function groups, diffeomorphism groups, weak direct products, non-locally 
convex spaces, direct sums, patched topological vector spaces, almost local mappings, direct 
limits, ultrametric calculus, convenient differential calculus, topological fields, local fields, non- 
archimedian analysis, exponential law, composition map, evaluation map, Soman's theorem 



*Darmstadt University of Technology, Department of Mathematics AG 5, Schlossgartenstr. 7, 
64289 Darmstadt, Germany. E-Mail: gloeckner@mathematik.tu-darmstadt.de 



i 



Contents: 



Introduction 

Preliminaries: 

1. Differential calculus over topological fields 

Linear Lie groups: 

2. Continuous inverse algebras and their unit groups 

Mapping groups and related constructions: 

3. Spaces of continuous mappings and mappings between them 

4. Spaces of C^'-maps and mappings between them 

5. Mapping groups and mapping algebras 

6. Mappings between direct sums 

7. Weak direct products of Lie groups 

8. Spaces of test functions and mappings between them 

9. Test function groups and algebras of test functions 

10. Differentiability of almost local mappings 

Diffeomorphism groups: 

11. Smoothness of evaluation and composition 

12. Basic exponential law for smooth mappings 

13. Diffeomorphism groups of finite-dimensional, paracompact 

smooth manifolds over local fields 

14. The diffeomorphism groups Difr(M) and Diff~(M)~ 

Appendices: 

A. Proof of Proposition 4.19 

B. Proof of Proposition 4.23 

C. Proof of Proposition 11.3 

D. Smoothness vs. weak smoothness over local fields ll 

E. Towards a p-adic analogue of Boman's theorem ll 

F. Spaces of sections in vector bundles and mappings between them ll 

Bibliography 1 

Index 1! 

List of Symbols V. 



ii 



Introduction 



Most of the known examples of infinite-dimensional real or complex Lie groups can be 
subsumed under (at least) one of the following main classes of Lie groups: 1. linear Lie 
groups; 2. mapping groups; 3. diffeomorphism groups. In the present article, we show 
that the general construction principles underlying these classes of Lie groups work just 
as well beyond the real and complex cases. Thus, we are able to discuss linear Lie groups 
and groups of continuous Lie group-valued mappings over arbitrary non-discrete topo- 
logical fields; groups of smooth Lie group-valued mappings on finite-dimensional smooth 
manifolds over locally compact fields; and diffeomorphism groups of paracompact finite- 
dimensional smooth manifolds over local fields (of arbitrary characteristic). In the real 
and complex cases, it becomes possible to construct Lie groups modeled on arbitrary (not 
necessarily locally convex) topological vector spaces. 

A fourth main class of infinite-dimensional Lie groups are Lie groups obtained from di- 
rect limit constructions, in particular direct limits of finite-dimensional Lie groups (see 
[63], [64], [21], [29]). Direct limits of finite-dimensional Lie groups over local fields have 
been discussed in [29] (cf. also [21]). Here, we construct weak direct products of (finite- 
or infinite-dimensional) Lie groups over valued fields, generalizing the discussion of weak 
direct products of Lie groups modeled on real or complex locally convex spaces from [22] . 

Our studies are based on a concept of C^-maps (and smooth maps) between open subsets 
of topological vector spaces over non-discrete topological fields introduced in [3], where 
more generally an axiomatic approach to differential calculus over arbitrary infinite fields 
(and suitable commutative rings) is developed. A map between open subsets of locally 
convex real topological vector spaces is of class C'' in the sense considered here if and only 
if it is a C^-map in the sense of Michal-Bastiani, i.e., a C^-map in the terminology of 
Keller's monograph [44] (see [3]). C^-maps in the latter sense have been used as the basis 
of differential calculus and infinite-dimensional Lie theory by many authors (see, e.g., [10], 
[18]-[23], [25], [27], [29]-[34], [37], [43], [57]-[59], [65]-[67], [70], and [80]). Furthermore, a 
map between open subsets of complex locally convex spaces is complex C°° if and only if 
it is complex analytic in the usual sense (as in [8]). 

Taken together, the papers [3], [28] and the present work develop, from first principles, 
a comprehensive theory of differential calculus and Lie groups over arbitrary non-discrete 
topological fields. In [3] already mentioned, an exposition of differential calculus over topo- 
logical fields and the corresponding basic theory of manifolds and Lie groups is given; this 
article is directed to a broad audience including readers without prior knowledge of dif- 
ferential calculus over topological fields. In [28] (needed here only for the discussion of 
diffeomorphism groups), implicit (and inverse) function theorems for C'^-maps over com- 
plete valued fields are established. The present article, then, provides concrete examples of 
Lie groups over topological fields, and develops the specific aspects of differential calculus 
required for this purpose. Further papers related to the "General Differential Calculus" 
over topological fields are [2], [4], [5], [24], [26], [29] and [30]. In [26], it was shown that 
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every finite-dimensional smooth p-adic Lie group is a p-adic analytic Lie group in the usual 

sense. Important aspects of differential geometry over topological fields have been worked 
out in [2]. Jordan theoretic applications are described in [4] and [5]. 

The article commences with a brief introduction to differential calculus over non-discrete 

topological fields (Section 1), and ends with appendices covering material which is best 
taken on faith on a first reading, and whose presentation within the text would have dis- 
tracted from the main line of thought. Apart from these sections, the main body of the text 
is divided into three parts, devoted to the three main classes and construction principles 
of infinite-dimensional Lie groups described above: 

I. Lineeir Lie groups 

Paradigms of real or complex Lie groups are linear Lie groups, i.e., unit groups of unital 
Banach algebras (or other well-behaved topological algebras) and their Lie subgroups (see 
[20], [38], [41, Ch. 5], [56]). We begin our studies with a discussion of hnear Lie groups over 
topological fields (Section 2), as this only requires a minimum of technical machinery. If 
K is a non-discrete topological field, a good class of topological K-algebras to look at are 
the continuous inverse algebras (or CIAs), viz. unital associative topological K-algcbras A 
such that the group of units is open in A and the inversion map l: A^ — > A, a i— > a^^ 
is continuous. We describe examples of CIAs and construction principles for CIAs over 
arbitrary non-discrete topological fields. Since the unit group A^ is a K-Lie group for any 
continuous inverse algebra A (Proposition 2.2), we thus always have a certain supply of 
K-Lie groups, for any K (beyond the trivial examples, the additive groups of topological 
K- vector spaces). Algebras of continuous or differentiable maps on compact topological 
spaces or compact manifolds, with values in a CIA, are again CIAs (Proposition 5.7). For 
further typical examples of CIAs in the real or complex cases, see [20], [23], [36, 1.15], [81]. 

II. Mapping groups and related constructions 

The second widely studied class of infinite-dimensional real (or complex) Lie groups are 
the mapping groups. Typical examples are the "loop groups" C(S\G) and C°^(S^,G), 
where G is a finite-dimensional real (or complex) Lie group [70] . More generally, let G be 
a real or complex Lie group modeled on a locally convex space, r e No U {oo}, and M 
be a finite-dimensional smooth manifold (or topological space if r = 0). Among the types 
of mapping groups encountered in the literature, we mention: the groups C"'(M, G) of 
G- valued C-maps, for compact M; the groups C']^(M, G) of G-valued C-maps supported 
in a compact set K C M; and, for cr-compact manifolds M, the "test function groups" 
Cl{M,G) := Ux C';^{M,G) of compactly supported G-valued G^-maps (see [1], [19], [27], 
[47], [59], [64], [66], [67]). 

In the second main part of this article, we construct Lie group structures on analogous 
mapping groups in the case of Lie groups over topological fields. The results include: 
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Groups of continuous mappings. If K is a non-discrete topological field, G a K-Lie 
group, X a topological space, and K C. X a compact subset, then the group 

Ck{X, G) := {7 e C{X, G) : 7U\x = 1} 

of continuous G-valued mappings supported in K can he made a K-Lie group modeled on 
Ck{X, L{G)) , in a natural way. In particular, C{K,G) = Ck{K,G) is a 'K-Lie group, for 
every compact topological space K and any K-Lie group G. 

Groups of different iable mappings. Let ¥ he a locally compact, non-discrete topological 
field, K he a topological extension field of¥, G be a K-Lie group, r E NqU {00}, M be a 
finite- dimensional C^-manifold, K C M a compact subset, and 

C'j,{M, G) {7 e C^(M, G) : ^\m\k = 1} 

be the group of G-valued C^-functions on M supported in K. Then C^{M,G) is a K-Lie 
group modeled on Cl^{M, L{G)), in a natural way. If M is paracompact and the topology 
on K arises from an absolute value, then also the group C^{M,G) := IJ^ C^{M,G) of 
G-valued test functions of class is a K-Lie group, modeled on Gl{M, L{G)). 

(See Sections 5 and 9). Typically, we might choose K := F here, or F := R, K := C. As the 
basis for the construction of Lie group structures on mapping groups, we study continuity 
and differentiability properties of mappings between function spaces. The three cases 
of interest (mappings between spaces of Cx-functions, C^-functions, and C^-functions, 
respectively) are discussed in turn in Sections 3, 4, resp., 8 and 10. For simphcity, let 
us assume that K := F now, for the remainder of the introduction. The results obtained 
subsume, for example, that the mappings 

C^{M,g): C]^iM,U)^C]^iM,F), 7^^° 7 and 
C^(M,C/)^C^(M,F), 7^/o(idM,7) 

are of class C^, for any C^-maps g : U ^ F and f : M x U F such that ^'(0) — 
and /|(M\A')x{o} — 0, where IK is a locally compact, non-discrete topological field, E 
and F are topological K-vector spaces, U C E an open zero-neighbourhood, M a finite- 
dimensional C]^-manifold, and K C M a compact subset. For paracompact M, analogous 
conclusions are vahd for C^{M,g) and : C~(M,t/) C^{M,F). More generally, 
results of the preceding type are established for mappings between spaces of sections in 
vector bundles, whose fibres are arbitrary topological vector spaces (Appendix F). For the 
real locally convex case, the reader may compare Michor [57], in particular his "Q-Lemma" 
[57, Thm. 8.7] for finite-dimensional real vector bundles; [19] (for maps between spaces of 
test functions), and [32]. It is a peculiarity of differential calculus over general topological 
fields that, when we are trying to prove differentiability properties of /* (or related results), 
parameter- dependent variants invariably pop up in the natural inductive arguments, even 
when we arc only interested in the case of /* (not involving parameters). On the one 
hand, this makes the proofs more complicated; but, on the other hand, we are rewarded 
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with stronger, parameter-dependent versions of the basic results (hke our "Q-Lemma with 
Parameters", Theorem F.23), which are novel even in the real locally convex case. 

Topologies on spaces of test functions. If K 7^ C is locally compact, E a topological K- 

vector space and M a cr-compact, finitc-dimcnsional Cjj^-manifold, wc equip C^{M, E) = 
lim C^{M, E) with the topology making it the direct limit of its subspaces C]^(M, E) in the 
category of topological K-vector spaces. Although little is known on direct limits of general 
topological vector spaces (in contrast to the real or complex locally convex case, which has 
been studied extensively), we get a perfectly firm grip on the topology of Cl{M,E) by 
showing that the linear map 

p:Cl{M,E)^@C^{U,,E), ^(7) := (^j^J,,, (1) 

is a topological embedding onto a closed vector subspace, for any locally finite cover (f/j)jg/ 
of M by relatively compact, open subsets Ui. Here, the direct sum is equipped with the 
box topology, which is extremely simple to work with. 

If K = C, or if M is merely paracompact, then the topology making Cl{M, E) the direct 
limit topological vector space lim C^{M, E) is too elusive to be useful for us. Instead of 
excluding these cases altogether from our considerations, we simply replace the direct limit 
topology on (M, E) with the topology induced by p, which turns out to be independent 
of the choice of open cover (f/j)jg/. This enables us to carry out most of our constructions 
also in the complex case, and also for paracompact manifolds (see Proposition 8.13 and 
Remark 8.16 for further discussions of the box topology and explanations why we prefer 
to use it). Note that, for a non- locally convex complex topological vector space E, the 
space Cl{M, E) of compactly supported valued C^-maps need not be reduced to the lo- 
cally constant functions. For example, there are non-zero compactly supported C^-maps 
<C ^ E, for suitable E (see [24]). As we do not have cut-off functions (nor partitions of 
unity) available in the complex case, we have to proceed with particular care. In Section 10, 
their use cannot be avoided any longer, and the complex case has to be excluded then. 

Mappings between direct sums. The embedding p from (1) allows us to reduce the study 
of continuity and differentiability properties of mappings between spaces of test functions 
(or compactly supported sections in vector bundles) almost entirely to the study of differ- 
entiability properties of mappings of the form 

®iel fi '■ ^^^i ~^ i^i)iel ^ ifii^i))iel 

on open boxes Ui in direct sums Ei of topological K-vector spaces. In Section 6, 
for arbitrary valued fields K, we show that a mapping (Bi<=ifi as before is provided each 
fi is C^. Although the proof of the special case where / is countable and we are deahng 
with real or complex locally convex topological vector spaces is almost trivial (see [22]), 
the proof of the general case requires a substantial amount of work. In order to control 
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simultaneously, for each i E I, the dependence on the parameter t of the extended difference 
quotient maps 

/i'l -.UiXE.xKD Ul'^ ^ F, , {x,, y„ t) ^ fl'^ (x„ y„ t) 

and, more generally, analogous parameters in the mappings fl , where j G N, j < k, which 
are encountered in the inductive arguments, we are forced to investigate in some depth the 
symmetry properties of the higher difference quotient maps 

which are rather complicated functions depending on 2^+^ — 1 variables (Proposition 6.9). 
In the case of locally compact fields, the dependence on parameters can be controlled more 
easily by means of compactness arguments, which in fact permit us to formulate stronger 
results, involving additional parameters (Proposition 6.10). As a first straightforward 
application, mappings between direct sums are used to define a Lie group structure on 
(countable or uncountable) weak direct products Ilie/ '^^ Lie groups Gi over a valued 
field K, based on the box topology on direct sums (Section 7). As we shall see later, such 
groups are encountered quite frequently in the case of ultrametric fields; for example, they 
shall play an important role in our discussion of diffeomorphism groups over local fields. 
Weak direct products of Lie groups modeled on real or complex locally convex spaces, 
based on locally convex direct sums, have first been considered in [22]. 

In the real finite-dimensional case, embeddings in locally convex direct sums are implicit 
in [57, §4.7] in connection with descriptions of the "P-topology" on mapping spaces, which 
are used there for similar purposes. The usefuhicss of embeddings into real and complex 
locally convex direct sums for the study of mappings between spaces of test functions (and 
compactly supported sections) has been pointed out explicitly in [32], [33]. The arguments 
in [57] (based on jet bundles) are restricted to vector bundles over finite-dimensional bases. 
We approach function spaces and mappings between them in a more direct way. This 
allows us, for instance, to prove smoothness of the pushforward 

f,:C^{M,E) C°°{M,F) 

in the case of a globally defined C^-map f : M x E F in utmost generality, namely, for 
IK an arbitrary topological field, M a Cj^-manifold modeled on an arbitrary topological 
K- vector space, and E, F arbitrary topological K- vector spaces (Proposition 4.16). 

Differentiability properties of almost local mappings. In order to motivate the most general 
results we have to offer which exploit embeddings into direct sums (presented in Section 10), 
we recall from [31] that the self-map 

/:Cr(M,M) ^Cr(M,M), f{^) := 7 o 7 - 7(0) 

of the space C^(M, M) of real- valued test functions on the real line is discontinuous (and 
hence not smooth), although the restriction of / to C^(]R, M) is smooth, for every compact 
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subset K C In the real and complex case, and, more generally, in the case of locally 
compact topological fields K, this poses the question whether it is possible to specify simple 
and easily verified additional properties ensuring that a mapping 

f:Cl(M,E)^C!(N,F) 

between spaces of vector- valued test functions is indeed C^, provided the restriction of / 
to C]^{M, E) is for each compact subset K C M (and likewise for mappings between 
spaces of compactly supported sections, or open subsets thereof). 

Generalizing the real locally convex case (see [27], [32], [33]), we show that also in the case 
of general locally compact fields K 7^ C, the requirement that / be almost local is a suitable 
additional property on / (Theorem 10.4), meaning that there exist locally finite, relatively 
compact open covers {Ui)i^i of M and {Vi)iQi of N such that f{'j)\vi only depends on jlui, 
for any i. The class of almost local maps includes most mappings of interest. For example, 
in the case M = N, every pushforward of sections associated with a fibre-preserving 
bundle map is almost local. Furthermore, all mappings encountered in the construction of 
Lie group structures on diffeomorphism groups of cr-compact finite-dimensional real C°°- 
manifolds are (locally) almost local (see [25] and [33], where diffeomorphism groups are 
discussed along fines independent of the earlier work [57]). 

For a highly developed theory of spaces (and manifolds) of mappings and mappings between 
these in the "convenient setting of analysis" (based on Mackey complete real or complex 
locally convex spaces), which is inequivalent to the setting of analysis we are working in 
here, see [17] , [47] and further works by the same authors. 

III. Diffeomorphism groups 

The third main part of the article is devoted to diffeomorphism groups of finite-dimensional 
manifolds over local fields, and related material. We begin with a discussion of continuity 
and differentiability properties of evaluation and composition of maps in the context of 
locally compact fields K (Section 11). Among variants and related results, we show in 
particular that the evaluation map 

e:C'{M,E) X M ^ E, £(7, x) := 7(0;) 

is of class C^, for every finite- dimensional C^-manifold M and topological K- vector space E 
(Proposition 11.1), and that the composition map 

r : C^+\U, E) X C^(M, U) ^ C^(M, E), r(7, 77) := 7 o 

is of class C^, for any r. A; G No U {00}, finite-dimensional C^-manifold M, topological K- 
vector space E, compact subset K C M, and open subset C/ of a finite-dimensional K- vector 
space F (Proposition 11.2). We then turn to the exponential law for smooth mappings 
(Section 12). Given any topological field K, topological K- vector space E, r, k & NqU {00} 
and arbitrary C^^'^-manifolds M and N, we show that 

r:M^C%N,E), r{x){y) -.^ f{x,y) 
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is of class Ck for all / e C"'+'=(M x N,E), and that the mapping 

C'+^M X N,E) ^ C\M,C''{N,E)), $(/):= (2) 

is a continuous linear injection (Lemma 12.1). If K is locally compact and is finite- 
dimensional (but M arbitrary), we show that $ is an isomorphism of topological vector 
spaces, in the case r — k — oc (Proposition 12.2).^ Similar (slightly weaker) conclusions 
hold if both M and N are modeled on metrizable topological vector spaces and K is R or 
an ultrametric field (Proposition 12.6). To deduce the surjectivity of $ in the metrizable 
case, we make use of techniques of convenient differential calculus (already mentioned), 
suitably adapted to non-locally convex or ultrametric analysis by means of preparatory 
results provided in [3] . We can only broach on the subject of "ultrametric convenient dif- 
ferential calculus" here, and have to confine ourselves to what is actually needed for the 
concrete purpose. A further application of the exponential laws is given in Appendix E. 
Combining the latter and an ultrametric analogue of Grothendicck's Theorem (relating 
smoothness and weak smoothness of suitable maps) provided in Appendix D, it is shown 
there that Boman's theorem will hold for mappings f : E D U — > F from an open sub- 
set of a metrizable topological vector space E over a local field K to a Mackey complete 
locally convex topological K-vector space F provided Boman's theorem holds for all map- 
pings / : K. Recall that Boman's classical theorem [9, Thm. 1] asserts that a map 
/ : M" — >■ R is smooth if and only if / o 7 : R — >• R is smooth for each smooth curve 
7: R ^ R". Whether Boman's theorem transfers to maps /: ^ K is still unknown. 

In the final Sections 13 and 14, which can be read independently, we describe two 
approaches to diffeomorphism groups of finite-dimensional smooth manifolds over local 
fields. The first approach (Section 13) produces a Lie group structure on Diff°°(M), for 
every paracompact, finite-dimensional smooth manifold M over a local field K. The second 
approach (Section 14) is restricted to cr-compact M. It produces two Lie group structures 
on Diff°°(M) (one of which coincides with the one constructed in Section 13). Both ap- 
proaches make use of many of the results and techniques prepared before (and hence also 
illustrate the usefulness and typical applications of these results). 

First approach (Section 13). Let M be a finite-dimensional, paracompact C^-manifold 
over a local field K, and DifF^(M) be the group of all C^-diffeomorphisms of M. Our first 
construction of a Lie group structure on Diff°°(M) relies on the fact M is a disjoint union 
of a family (Bi)i(=j of open and compact balls Bi ^ M (i.e., subsets Bi C M which are 
C^-diffeomorphic to balls in with respect to the supremum-norm) . Motivated by this 
decomposition, we first turn the diffeomorphism group Diff°°(i?) of a ball B C K"^ (where 
d e No) into a Lie group; this is quite easy, because Diff°°(S) is a mere open subset of 
C°°{B, 'K^). Next, we form the weak direct product of Lie groups 

^Analogous results for the case where k = r = 00, E is locaUy convex and both M and N are open 
subsets of real locally convex spaces (instead of manifolds) have been obtained earlier in [6], along with 
interesting additional information. 
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modeled on 0.^^ C°°(Sj, TBi) = C^{M, TM). This weak direct product can be identified 
with a subgroup of the group Diff^(M) of "compactly supported" diffcomorphisms. It 
then only remains to equip Diff°°(M) with a smooth K-manifold structure making it a 
Lie group with Yliei Difi™(-Bi) as an open subgroup. We remark that smoothness of the 
inversion map DifF^(S) — > Diff°°(S), 7 1— > 7"^ is a simple consequence of the exponential 
laws established here and a version of the implicit function theorem (the "Inverse Function 
Theorem with Parameters") for mappings from metrizable topological vector spaces to 
Banach spaces [28]. 

Second approach (Section 14). For our second approach to diffeomorphism groups, 
we assume that M is o"-compact and of positive dimension over K. In this case, M is 
C^-diffcomorphic to an open subset U of its modeling space K'^ (Lemma 8.3 (a); cf. [50]), 
making it quite easy to deal with M. Given r G NU {cxd}, we consider the monoid End^(t/) 
of all C^-maps U ^ U which coincide with id;/ outside some compact set. We show that 
71-^7 — id;7 identifies End^(L'") with an open subset of C^(?7, K^). Thus End^(f/) is a 
C^-manifold with a global chart. We show that Diff^(f/) = End^(C/)^ is open in End^([/), 
and we show that, for each A; e No U {00}, the composition map 



and the inversion map Diff^+'^(f/) Diff^([/) arc C^. This enables us to turn Diff°°(M) 
into a Lie group with Diff^(M) = Diff^(t/) as an open subgroup, modeled on the space 
C^(M, TM) of compactly supported smooth vector fields on M, equipped with its natural 
LF vector topology.^ But it also enables us to define a second Lie group structure on 
DifT^(A'/) (which wc then denote by Diff°°(M)~'). It is modeled on the same vector space 
C^{M,TM), equipped however with the (in general properly) coarser vector topology 
making this space the projective limit 



Apparently, the definition of this second Lie group structure is close in spirit to the ILB- 
approach to diffeomorphism groups in the works of Omori [68], [69]. An analogous con- 
struction for diffeomorphism groups of a-compact real manifolds had been proposed in [58] 
(and was fully worked out in [33]). As in the real case, we can also give Diflf (M) a smooth 
manifold structure for each finite r, with Diff^(M) = Diff^{U) as an open subgroup, such 
that DifT (M) becomes a topological group and all right translations are smooth. 

We remark that certain groups Diff(t, M), G{t,M), and GC{t,M) of diffcomorphisms of 
class of smoothness C{t) for manifolds over local fields of characteristic zero have already 
been discussed in [49], [51], [55] and further works of S.V. Ludkovsky, where they are 
considered mainly as manifolds and topological groups (rather than Lie groups). He dis- 
cusses irreducible representations of these groups ([51]) and measures on such groups (or 

^The Lie group structure so obtained coincides with the one from Section 13. 



Diff^+'=(C/) X Diff^(C/) ^ Diff^(C/) 
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M) which are quasi-invariant with respect to dense subgroups [49]. Ludkovsky's approach 
to differential calculus (which is necessarily restricted to local fields K of characteristic 
zero, and differs from the one we use), is described in [53, I, §2.3] (for maps between ul- 
trametric Banach spaces) and extended to the case of locally convex topological K-vector 
spaces in [53, II, Rem. 4.4] and [55], where diffeomorphism groups are discussed in further 
detail and generahty. Ludkovsky also turns groups Diff^^(M) of certain diffeomorphisms 
of real Banach manifolds (subject to Holder-type conditions) into topological groups [52, 
Thm. 3.1], and discusses irreducible representations and quasi-invariant measures for such 
groups [52], [54]. Note that the "non-archimedian loop groups" discussed in [53] are not 
mapping groups in the sense considered in the present article, but something different. 

Finally, let us mention that weak direct products of Lie groups are also useful to obtain 
information on diffeomorphism groups of real manifolds (although they are not simply 
open subgroups here, as in the ultrametric case). In [34], weak direct products are used 
to show that the Lie group Diff^(M) of compactly supported diffeomorphisms of a a- 
compact, finite-dimensional smooth manifold M is the direct limit limDifF^(M) both in 
the category of Lie groups modeled on real locally convex spaces and in the category 
of topological groups (where K ranges through the set of compact subsets of M, and 
Diff^(Af) := (7 e DifF°(A/) : (Vx eM\K) 7(0;) = x]). This is remarkable, because, as 
a consequence of results from [31], in general the Lie group Diff^(M) neither is the direct 
limit limDiff^(M) in the category of topological spaces, nor in the category of smooth 
manifolds ([34]; cf. also [76]). Analogous results can be obtained for the test functions 
groups C^{M, G), for G a finite-dimensional real Lie group [34]. 

Concluding remeirks and guidance for the reader 

Readers who wish to get quickly to the main results can skip part of the material. For ex- 
ample, since all of the vector bundles required for the discussion of diffeomorphism groups 
over local fields are trivial bundles, only very few of our results on spaces of sections in 
vector bundles (discussed in Appendix F) will actually be used, and these are easy to 
take on faith (cf. Remark 8.17). Proposition 4.16 (concerning pushforwards for glob- 
ally defined /) is only needed for the discussion of spaces of sections in vector bundles, 
while its more comphcated variants (Propositions 4.20 and 4.23) are vital for the Lie group 
constructions. Nonetheless, the author recommends to study the proof of the simpler 
Proposition 4.16 first, and to leave the proofs of Propositions 4.20 and 4.23 for a second 
reading. Section 10 is only needed for our second approach to diffeomorphism groups (Sec- 
tion 14), but not for the first approach (Section 13). The general case of Proposition 11.3 
(proved in Appendix C) is not used elsewhere, and only part of Section 12 (concerning the 
exponential law) is needed for the discussion of diffeomorphism groups: Lemma 12.1 (a), 
and Lemma 12.1 (b) ior k — suffice. 

It is clear, however, that it would be inefficient not to include such closely related results, 
when this can be done without much additional effort. Besides their obvious potential for 
applications, the additional results also serve to put the Lie theoretic constructions in a 
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larger perspective, and thus foster their understanding. 

Let us remark in closing that it was necessary to refrain from developing the surrounding 
theory up to the possible limits of generality, in order not to be carried away too far from 
the subject matter of Lie group constructions, to increase the readability, and to avoid the 
discussions from getting even more technical. 

We mainly think of two possible generalizations. In the real locally convex case, a more 
refined discussion of the maps C^(Af, /) : C^{M,U) C^{M,F) between open subsets 
of spaces of compactly supported sections is possible [32]; in this case, C^{M,f) is C'' 
provided, in local coordinates, / is along the fibre, with fibre derivatives jointly C". 
An analogous condition, based on iterated partial difference quotient maps, should be suf- 
ficient to ensure that C^(M, /) be C'^, in the general case of bundles of topological vector 
spaces over finite-dimensional paracompact C-manifolds over locally compact fields. This 
would substantially generalize our version of the Q-Lemma (which, however, already in- 
corporates the cases of main relevance), but would inflict complicated technical arguments 
on us, which are irrelevant for the Lie group constructions. 

The second possible generalization concerns the exponential law. If A; = r = cxd, the map 
$ from (2) should always be a topological embedding (cf. [6]). Furthermore, for general r 
and k, a more detailed analysis of the problem should reveal that $ can be written as a 
composition 

C'+\M xN,E)^ C'''^{M xN,E)^ C^M, C"(iV, E)) 

of continuous linear injections for a suitably defined space C^''^[M x N,E) of £'-valued 
C*^''"-maps on M X A^. Here, the first mapping is the inclusion map. The second map, 
C*^.'^(M xN,E) 3 f ^ e C'iM, C''{N, E)), should always be a topological embedding. 
Again, the author feels that the immense additional technical effort would not be justified 
in the present context. The problems may be analyzed elsewhere. 

1 Differential calculus over topological fields 

It is possible to define C*^-mappings and smooth mappings once a topologized ring and a 
so-called C°-concept is given, satisfying suitable axioms (sec [3]). In the present paper, 
we exclusively consider the special case where the given topologized ring is a non-discrete 
topological field K (Hausdorff, as all topological spaces we consider), where C°-maps are 
defined as continuous maps between open subsets of topological vector spaces over K, 
and where the product topology is used on products of topological vector spaces. In this 
section, we briefly describe the resulting setting of differential calculus. 

1.1 Conventions. All topological spaces occurring in this paper are assumed Hausdorff. 
All topological fields are supposed to be non-discrete. A field K, together with an absolute 
value |.| : K ^ [0, oo[ giving rise to a non-discrete topology on K will be called a valued 
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field. An ultrametric field is a valued field (K, |.|) whose absolute value is ultrametric, i.e., 

|a: + |/| < max{|a;|, |y|} forallx, yGK. 

If (K, |.|) is an ultrametric field, then O := {x G K: < 1} is a subring of K, called 
the valuation ring. The valuation ring is an open and closed subset of K. Totally dis- 
connected, locally compact topological fields will be referred to as local fields. It is well 
known that every local field admits an ultrametric absolute value defining its topology, and 
can therefore be considered as a complete ultrametric field. The valuation ring of a local 
field is open and compact. It is also known that every locally compact topological field is 
either isomorphic to R, C, or a local field [78]. A complete^ valued field (K, |.|k) is either 
ultrametric or isomorphic as a valued field to (M, |.|") or (C, |.|") for some a e ]0, 1], where 
|.| is the usual absolute value [11, VI, §6]. 

1.2 A topological vector space E over an ultrametric field (K, |.|) is called locally convex 
if every zero-neighbourhood of E contains an open O-submodule of E, where O is the 
valuation ring of K (see [60], Ch. Ill, §2, Prop. 4 and §3, Def. 1 when K is complete). It is 
well known that a topological vector space E over an ultrametric field is locally convex if 
and only if its topology arises from a family (ll.ll^)^ of ultrametric continuous seminorms 
||.||^ : E [0,oo[, satisfying -|- 7/||-y < max{||a;||^, II1/II7} for aU x,y E E. 

1.3 If {E, ||.||) is a normed space over a valued field K, given e > and x E E we write 
Bf{x) := {y E E : \\y — x\\ < e}, or simply B^{x) := Bf{x) if E is understood. Note 
that, since the image of a norm ||.|{ need not be contained in the image |K| of the absolute 
value, it is not possible in general to normalize elements: Given 7^ x e £^ we need 
not find t E such that ||ta;|| = 1. To ensure that \\Ax\\ < \\A\\ \\x\\, the operator 
norm of a linear operator A : E ^ F between normed spaces {E, \\.\\e) and {F, \\.\\f) 
therefore has to be defined as \\A\\ := min{C > : (Vx G E) \\Ax\\p < C||a;||^}. If 
E = F = K*^ for some d E Nq and = is the maximum norm ||.||oo- ~^ [0, cxd[, 
\\{xi, . . . , a;rf)||oo max{|xi|, . . . , 1x^1}, then every non-zero vector can be normalized and 
thus = max{||74x||oo : x E W^, \\x\\oo < !}• As usual, given topological vector spaces 
E and F over a topological field K, we let C{E, F) denote the set of all continuous linear 
maps from E to F; we abbreviate C{E) := C{E, E). 

Throughout the remainder of this section, K denotes a (non-discrete) topological field. 

Before we define C'^-maps, we need an efficient notation for the domains of certain mappings 
associated with C'^-maps. 

Definition 1.4 If £■ is a topological K- vector space and U C E a,n open subset, we define 
C/[oi := U and 

C/W — {{x, y,t) eU X E xK: x + ty eU}, 

which is an open subset of the topological K-vector space Ex ExK. Having defined U^^ 
inductively for a natural number j > 1, we set U^+^'i :— ([/[^1)[^1. 

^The requirement is that (K, d) be a complete metric space, where d: KxK — > [0, oo[, d{x, y) := ja; — j/Ik- 
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In particular, E^^^ ^Ex ExK, ^ExExKxExExKxK, etc. 

Definition 1.5 Let E and F be topological K-vector spaces and f : U — > F be a mapping, 
defined on an open subset U C E. We say that / is of class if / is continuous, in which 
case we set := / and call the 0th extended difference quotient map of /. If / is 
continuous and there exists a continuous mapping /'^l : C/'^l F such that 

\{f{x + ty) - f{x)) = for all {x,y,t) e C/W such that t 7^ 0, (3) 

we say that / is of class Cj^, and call /'^l the (first) extended difference quotient map 
of / (note that, as K is non-discrete, the continuous map /[^l is uniquely determined by 
(3)). Recursively, having defined Cj^-maps and jth extended difference quotient maps for 
J = 0, . . . , A; — 1 for some natural number A; > 2, we call / a mapping of class if / is 
of class C^-^ and /[^-i] is of class C^. In this case, we define the kth extended difference 
quotient map of / via 

The mapping / is of class (or K-smooth) if it is of class for all k G No- If IK is 
understood, we simply write instead of C^, and call / smooth or of class C°° if it is 
K-smooth. If, conversely, we want to stress the fact that the field K is used, we shall write 
C/f' for C/W and /f' for /W. 

Examples 1.6 Every continuous K-linear mapping X : E ^ F between topological K- 
vector spaces is smooth, with X^^^x, y, t) = X{y) for all {x,y,t) E E x E x K. If V, W and 
F are topological K-vector spaces and P: V x W ^ F is a continuous bilinear map, then 
P is smooth, with 

/3W((i;, w), {v\ w'),t) = /3{v, w') + (3{v', w) + t/3{v\ w') 
for all V, v' e V, w, w' e W^, and i e K (cf. [3]). 

1.7 Note that, for k > 2, a mapping / as above is of class if and only if / is of class 
Ck and f^^^ is of class C^~^; in this case, 

flk] ^ ^f[i]yk-i] 

ese claims are proved by a 

trivial induction). 

1.8 Given a map /: U ^ F as before, let /l^t; U^^^ F, f^^^{x,y,t) := ^f{x + ty)-f{x)) 
be the associated difference quotient map, defined on U^^^ := {{x, y, t) e U^^^ -.ty^O}. Then 
/ is if and only if it is continuous and /l^' extends to a continuous function, /t^l, on 
[/[^l. The set f/^^' is open and dense in f/'^l, and we have C/W = U {UxE x{0}), as a 
disjoint union. If / is C^, then so is /'^I (cf. 1.11 below). 

1.9 Given a Cj^-map f : U — > F as before, we define the directional derivative of / at 
x & U in the direction v & E via 

df{x,v) - {DJ){x) := ^^mj{f{x + tv)-f{x)) = f^'\x,v,Q) . 
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Then df:U x £■ — > F is continuous, being a partial map of /'^l , and it can be shown that 
the "differential" df{x, .):£'—> F of / at x is a continuous K-linear map, for each x E U 
[3, Prop. 2.2]. If / is C^, we define a continuous map (ff: U x E'^ ^ F via 

(ff{x, vi,V2) := {Dy^{DyJ)){x) = ^hm^ + ^^2, ^^i) - df{x, vi)) 

= f^^\x,v,,0,V2,0,0,0). 

Similarly, if / is of class C^, wc obtain continuous mappings (the "higher differentials") 
d^f : U X ^ F, d^f{x,vi, . . .,Vj) := {Dy. ■ ■ ■ DyJ){x) for all j e No such that j < k 
(where d^f := /). Here d^ f{x, .) : E^ ^ F is symmetric and j-multihnear [3, La. 4.8]. 

1.10 If K is R or C and the range F is locally convex, the considerations in 1.9 show 
that every C|^-map in the preceding sense is a C^-map in the sense of Michal-Bastiani (a 
C^g-map for short), i.e., the iterated directional derivatives needed to define d^ f exist 
for all J e N such that j < k, and the mappings d^ f : U x ^ F so obtained (as well 
as /) are continuous (such mappings arc also called "Keller's C^-maps" in the literature, 
following [44]). Exploiting the Fundamental Theorem of Calculus, it can be shown that, 
conversely, every C^^-map with locally convex range is of class [3, Prop. 7.4]. Thus, 
when dealing with maps into real or complex locally convex spaces, it is fully sufficient 
(and much more convenient) to work with the differentials d^ f, no use has to be made of 
the mappings f^^\ However, as soon as we turn to mappings into non- locally convex real or 
complex topological vector spaces, and also in the case of base fields other than M and C, the 
differentials alone do not encode enough information on /, and it is necessary to work with 
the mappings f^^ For example, consider the function / : ]0, 1[— > L°[0,1], f{t) := l[o,t] 
taking t to the characteristic function of the interval [0, i]; here [0,1] is equipped with 
Lebesguc measure, and L°[0, 1] denotes the space of equivalence classes of measurable real- 
valued functions on [0, 1] (modulo equality a.e.), equipped with the topology of convergence 
in measure (see [42]). Then / is injective. It can be shown that / is of class C^, with d^ f 
vanishing identically for all j eN (cf. [24]). 

1.11 (Chain Rule). If E, F and H are topological K- vector spaces, U C E and V C F 
are open subsets, and f : U -^VQF,g: V^H are mappings of class C^, then also the 
composition g o f : U —> if is of class C''. If A; > 1, we have (/(x), /'^^ {x, y, t),t) e V^^^ for 
all {x,y,t) e C/W, and 

{goff\x,y,t)=gm(f(x),f'\x,y,t),t). (4) 

In particular, d{g o f){x,y) — dg{f{x),df{x,y)) for all {x,y) & U x E (see [3], Prop. 3.1 
and Prop. 4.5). 

We recall that being of class C'' is a local property [3, La. 4.9]: 

Lemma 1.12 Let E and F be topological K-vector spaces and f : U ^ F be a mapping, 
defined on an open subset U of E. Let A; G Nq U {00}. // there is an open cover {Uiji^j 
of U such that flu^-Ui^Fisof class C*^ for each i & I, then f is of class . □ 
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1.13 Compositions of composable C'^-mappings being of class C'^, we can define C'^- 
manifolds modeled on topological K-vector spaces in the usual way, namely as Hausdorff 
topological spaces M, together with a set ("atlas") of homeomorphisms ("charts") from 
open subsets of M onto open subsets of the modeling topological K-vector space Z, whose 
domains cover M, and such that the transition maps are of class C''. A Lie group over K is 
a group G, equipped with a smooth manifold structure modeled on a topological K-vector 
space Z, with respect to which inversion and the group multiplication arc smooth map- 
pings. For every K-Lie group G, the geometric tangent space Ti{G) can be turned into a 
topological K-Lie algebra L{G) in a natural way (sec [3] for more information). 

Remark 1.14 It can be shown that K-analytic maps from open subsets of (ultrametric) 
normed spaces to locally convex topological K-vector spaces (as in [14], where locally convex 
spaces are called "polynormed" ) are C^, for every ultrametric field (K, |.|) [3, Prop. 7.20]. 
As a consequence, every finite-dimensional K-analytic Lie group G in the usual sense (as 
defined in [74, p. 102]) can be considered as a K-Lic group in our sense, and likewise for 
the analytic Lie groups modeled on ultrametric Banach spaces considered in [13]. 

We recall three simple, but very useful facts ([3], Lemmas 10.1-10.3): 

Lemma 1.15 Let E and F be topological K-vector spaces, U C E be open, and f : U ^ F 
be a mapping of class , where k G NoU{oo}. Let Fq be a vector subspace of F containing 
the image of f . If Fq is closed or if Fq is sequentially closed and K is metrizable, then the 
co-restriction f\^° : U — > Fq is G'^ as a map into Fq. □ 

Lemma 1.16 Suppose that E is a topological K-vector space, {Fi)i^i a family of topological 
K-vector spaces, U C. E an open subset, and f : U ^ P a mapping, where P :— Yliei 
with canonical projections pi^: P ^ Fi. Let k & NqU {oo}. Then f is of class G^ if and 
only ifpi^ o f is of class G^ for each i E L □ 

Lemma 1.17 Let E be a topological K-vector space, {F,j)ii=i be a family of topological K- 
vector spaces, U E be open, and f : U ^ F be a map, where F = lim Fi, with limit 

maps TTj : F — »■ F^. Let A; G Nq U {oo}. Then f is G" iff TTiO f is G" for each i e L □ 
As in the case of Banach-Lie groups, general Lie groups can be described locally: 

Proposition 1.18 (Local description of Lie group structures) Suppose that a sub- 
set U of a group G is equipped with a smooth manifold structure modeled on a topological 
K-vector space E, and suppose that V is an open subset of U such that 1 & V , V — V~^, 
VV C U, and such that the multiplication map V x V ^ U , {g,h) i— > gh is smooth 
as well as inversion V ^ V , g ^ g"^; here V is considered as an open submanifold 
of U. Suppose that for every element x in a symmetric generating set of G, there is an 
open identity-neighbourhood W <^ U such that xWx~^ C U, and such that the mapping 
W —>■ U, w h->- xwx~^ is smooth^ Then there is a unique K-Lie group structure on G 
which makes V , equipped with the above manifold structure, an open submanifold of G. 

Proof. The proof of [13], Chapter 3, §1.9, Proposition 18 can easily be adapted. □ 



This condition is automatically satisfied if V generates G. 
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2 Unit groups of continuous inverse algebras 

Let K be an arbitrary topological field. In this section, we show that the groups of 
invertible elements in suitable topological K-algebras A (the continuous inverse K-algebras) 
are K-Lie groups. We describe constructions producing new continuous inverse algebras 
from given ones. In this way, we obtain a supply of continuous inverse K-algebras and thus 
also of K-Lie groups. For much more information concerning locally convex continuous 
inverse algebras over the real or complex field, and their unit groups, the reader is referred 
to [20]. Further examples can be found in [23], [36, 1.15], and [81]. 

Definition 2.1 A continuous inverse algebra (over K) is a unital associative topological 
K-algebra A whose group of units ^4^ is open in A and such that inversion l: A^ A, 
a H- > is continuous. 

Continuous inverse algebras are of interest in the present context, for the following reason: 

Proposition 2.2 For every continuous inverse K-algebra A, inversion i : A'^ A is of 
class , and thus A'^ is a K-Lie group when considered as an open submanifold of A. 

Proof. The algebra multiplication A x A ^ A is continuous bilinear and hence smooth. 
Hence so is the group multiplication A^ x A^ A^ . We now show by induction that 
L is for each k e Nq. By hypothesis, t is C^. Suppose that l is C^. Using that 
b'^-a"'^ = 6'"^(a-6)a~^ for a,b e A^,we obtain for any {x,v,t) e (A^)W C A^ x AxK: 

i{x + tv) - i{x) = (x + tv)~^ - x~^ = -t{{x + tv)~^vx~^ = tF{x, V, t) , (5) 

where F : (yl^)'^! — > A, F{x,v,t) :— —i{x + tv)vL{x). Since t is by the induction 
hypotheses, F is of class C^, in particular of class C^. Thus (5) shows that l is of class 
C]^, with t^^l — Fa, mapping of class C^. Therefore l is of class (see 1.7). □ 

For example, IK is a continuous inverse algebra over K, and thus is a K-Lie group. 

Proposition 2.3 If A is a continuous inverse K-algebra, then so is the algebra Mn{A) of 
nxn-matrices with entries in A, when equipped with the natural vector topology = 

Proof. Apparently, Mn{A) is a topological K-algebra. Its unit group is open and inversion 
is continuous by [75, Cor. 1.2]. □ 

Lemma 2.4 If A is a finite- dimensional unital associative K-algebra and B C A a unital 
subalgebra, then — A^ H B . 



Proof. This is a well-known fact (cf. [20, La. 9.4] if K = M or C). 



□ 
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2.5 Recall that, among the vector topologies on a finite-dimensional K-vector space V of 
dimension d, there is a uniquely determined vector topology making V isomorphic to the 
direct product K'^ as a topological vector space. It is called the canonical K-vector space 
topology (see [12], Ch. I, §1, no. 1, Example 5). 

We remark that it is possible to characterize those topological fields K having the special 
property that any finite-dimensional K-vcctor space admits only one (Hausdorff) vector 
topology ([62], also [79], Section 5.4, Theorem 10). They are necessarily complete. 

Proposition 2.6 Let A be a finite- dimensional unital associative K-algebra. Then the 
canonical K-vector space topology turns A into a continuous inverse algebra over K. 

Proof. Let n :— dim^{A). It is clear that the canonical K- vector space topology turns A 
into a topological K-algebra, and it is clear that the left regular representation 

X: A^ C{A) = M^{K), X{a){b) := ab 

is a topological embedding (where C{A) denotes the K-algcbra of K-linear self-maps of A, 
equipped with the canonical K- vector space topology). It therefore suffices to assume that 
A is a. subalgebra of M„(K). Now, M„(K) being a finite-dimensional K-algebra, we have 

A^'^MniKynA (6) 

by Lemma 2.4. Since M„(K) is a continuous inverse algebra by Proposition 2.3, Mn(K)^ 
is open in M„(K) and thus A^ is open in A by (6). The inversion map t : A^ ^ A 
being a restriction of the continuous inversion map M„(K)^ — > M„(K), we deduce that l 
is continuous. □ 

Tensor products of finite-dimensional algebras and continuous inverse algebras are again 
continuous inverse algebras. 

Proposition 2.7 Given a continuous inverse K-algebra A and finite- dimensional unital 
associative K-algebra F , consider the associative unital K-algebra F (8)^ A. Pick any K- 
basis ei, . . . , Cn of F , and equip F ®k A with the topology making (p : A"- ^ F A, 
(ai)r=i ^ Y17=i ® isomorphism of topological K-vector spaces. Then this topology 

does not depend on the choice of basis, and it turns F ®k A into a continuous inverse 
algebra over K. 

Proof. The natural map M„(]K) x A"' A"' being continuous, we readily deduce that the 
topology on F ®k A is independent of the choice of K-basis for F. Given i,j e (1, . . . , n}, 
we have ejCj = J2k=i^hj,i:^k for uniquely determined elements ("structure constants") 
ti,j,k £ Given z — (-Zj)^^!, v — (t'i)f=i in A", we have 

(t){z) ■ (f){v) = ® I 2Z ^^.i'fc^^^i ) = ^ I ( 2Z hj,kZiV^ 

k=l \i,j=l J \ i,j=l 
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As ^4 is a topological K-algebra, we readily deduce from the preceding formula that multi- 
plication in F <S>K A is continuous. Thus F (8)k A is a topological K-algebra. Given z and v 
as before, we calculate 

n n 

{1 + (j){z)) ■ {1 + (i){v)) = (l + ^Ci®^,) • (l + 5^e,®^;,) 

i=i j=i 

n n n 

= 1 + ^ CiCj (g) ZiVj + ^ek<^ Zk + ^ek<^Vk 

i,i=l_„,^~^ k=l k=l 

—2-,k=l H,3,k^k 

n 

= l + ^ek®{zk + {S{z).v)k), (7) 

k=l 

where S{z) := {akj{z))lj^i G Mn{A) with akj{z) := Skj + J2'i=i Ziti,j,k, where {S{z).v)k 
denotes the kth coordinate of the vector S{z).v e A^. We strive to show that for z E in 
some zero-neighbourhood, we can choose v such that S{z).v — —z. Then, by Equation (7), 
the element 1 -|- (f){v) will be a right inverse for 1 -|- (f){z). 

Since Mn{A) is a continuous inverse K-algebra (Proposition 2.3), and 5" : A" — > M„(A) is a 
continuous mapping such that S{0) = 1 e Mn{A)^, there is a zero-neighbourhood U in A" 
such that S{U) C Mn{A)^. Apparently, the mapping 

p-.U^A"", p{z) := -S{z)-\z 

is continuous. For each ^ e U, we have S{z)p{z) = —z, and thus {l+(f){z))-{l+(f){p{z))) = 1 
by (7). Thus, for each a in the open identity neighbourhood V := 1 + 4>{U) C F ®^A, the 
element 

r(a) := 1 + 0(p(0-'(a - 1))) eF®^A 

is a right inverse for a in F A, and the mapping r: V ^ F ®k A is continuous. Very 
similar arguments show that there is an identity neighbourhood 1^ in F A such that 
every a & W has a left inverse in F ®k A. Then P := V (IW is em identity neighbourhood 
in F ®]K A such that P ^ {F (8)k A) ^ , and the inversion map l : {F 0k A)^ ^ F 0k A 
satisfies l\p = r\p an thus is continuous on P. As a consequence, (F ®k A)^ is open in 
F ®K A and l is continuous (cf. [20, La. 2.8]). □ 

Concerning extension of scalars, we readily deduce: 

Corollciry 2.8 For every continuous inverse algebra A overK and finite extension field L, 
o/K, Af^ :— L <S)^ A is a continuous inverse algebra over L {where L is equipped with the 
canonical K-vector space topology) . 

Proof. We equip Aj^ — h (8)k A with the topological K-algebra structure defined in 
Proposition 2.7, which makes it a continuous inverse algebra over K. It is easy to see 
that the mapping L ^ L 0)^. A, z ^ z 1 is a continuous K-algebra homomorphism. The 
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continuity of scalar multiplication L x Ai^ — > therefore follows from the continuity of 
the multiplication map Aj^ x Aj^ — > Aj^. □ 

For the final result of this section, we speciahze to the case where K is a locally compact 
topological field. 

2.9 We consider a unital associative K-algebra A which is locally finite in the sense that 
every finite subset is contained in a finite-dimensional subalgebra of A. We also assume 
that A is of countable dimension as a K-vector space. As a consequence, there exists an 
ascending sequence C C • • • of finite-dimensional unital subalgebras A^ of A such 

that/l = U„eN^n- 

2.10 We equip A with the so-called "finite topology," i.e., the final topology with respect 
to the inclusion maps Xp: F ^ A, where F runs through the set of finite-dimensional 
vector subspaces of A. The set {An : n e N} being co-final in (directed with respect 
to inclusion), the finite topology on A is also the final topology with respect to the family 
(AA„)neN- Then A = \im An as a topological space, furthermore Ax A — \im (An x An) 
and K X >1 = lim (K x each An and K being locally compact ([40] or [21, Prop. 3.3]). 
As a consequence, A is a topological K-algebra (cf. [21]). 

Proposition 2.11 Every countable- dimensional, locally finite associative unital algebra 
over a locally compact topological field K is a continuous inverse K-algebra when equipped 
with the finite topology. 

Proof. We have already shown that A is a topological K-algebra. The openness of ^4^ 
in A as well as continuity of inversion can be shown as in the real and complex special 
cases (see [20, Prop. 9.5]). □ 

Remark 2.12 If A is a real or complex locally convex CIA, then A^ is in fact an analytic 
Lie group. If, furthermore, A is complete (or, at least, Mackey complete), then A^ is a 
Baker-Campbell-Hausdorff (BCH) Lie group, viz. it possesses a locally analytically diffeo- 
morphic exponential function, and its multiphcation is given locally by the BCH-series (see 
[20]). In this case, the results of [71] and [19] facilitate to integrate closed Lie subalgebras 
of A to analytic subgroups of A^ , providing us with a much richer supply of "linear Lie 
groups" then the mere full unit groups A^ . In the case where K is a complete valued field, 
in some cases subgroups of unit groups of continuous inverse K-algebras may be turned 
into Lie groups using the inverse function and implicit function theorems from [28] . 

3 Spaces of continuous mappings and mappings 
between them 

As a preliminary for our studies in Section 5, where we shall turn the group C{K,G) 
of continuous mappings from a compact topological space K to a. K-Lie group G into a 
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K-Lie group, in the present section we study differentiability properties of certain types 
of mappings between spaces of continuoTis vector-valued functions on compact topological 
spaces. More generally, here (and in Section 5) we can consider mappings on non-compact 

spaces supported in given compact sets. 

Throughout this section, K denotes a topological field, X a topological space, and K a 
compact subset of X. 

3.1 If is a topological K-vector space, we let Ck{X,E) C denote the K-vector 
space of all continuous mappings 7: X — > such that supp(7) C K. We equip Ck^X, E) 
with the topology of uniform convergence, which apparently makes Ck{X, E) a topological 
K-vector space. A basis of open zero-neighbourhoods is given by the sets Ck{X,U) :— 
{7 e Ck{X, £■) : im7 C [/}, where U ranges through the open zero-neighbourhoods in E. 

3.2 Note that if K G {M, C} and E is locally convex, then Ck{X,U) is convex for each 
convex, open 0- neighbourhood U C E and thus Ck{X, E) is locally convex. If K is an 
ultrametric field with valuation ring O and E is locally convex (see 1.2), then Ck{X, U) 
is an open O-submodule of Ck{X, E) for each open O-submodule U C E, and hence 
Ck{X, E) is locally convex. 

The following proposition (and a C-analogue to be proved later) is the technical backbone 
of our discussion of mapping groups. 

Proposition 3.3 Let E, F , and Z he topological K-vector spaces, U C. E and P C. Z be 
open subsets, A; e No U {00}, and f: XxUxP^Fbea mapping. Suppose that 

(a) f{x, = for aUxeX\ K; 

(b) /(x, »):U X P —>■ F is of class for each x & X, and 

(c) X X {U X P)^^ — > F , (x, y) I— > /(x, ')^\y) is a continuous map, for each j e No such 
that j < k. 

Then Ck{X, U) :— Ck{X, E) fl C/^ is a {possibly empty) open subset of Ck{X, E), and 

0: Ck{X,U) xP^ Ck{X,F), (j,{^,p) ■= f{.,pUi) 
is a mapping of class C*^ {where f{*,p)*{'y){x) :— f{x,j{x),p) for x e X). 

Proof. It is clear that Ck{X,U) is open, and that 0(7,p) G Ck{X,F) indeed. To show 
that is of class C^, we clearly may assume that k < 00. The proof is by induction. 

The case k = 0. Let ^ G Ck{X, U). p E P, and C F be an open zero- neighbourhood. 
Let C F be an open zero-neighbourhood such that W — W C V. For each x E K, we 
find an open neighbourhood K of x in K and open zero-neighbourhoods Q E 

and Ca, C Z such that i{Ax) + Bx<ZU,p + Cx<^P, and 



f{y,u,q)- f{x,^{x),p) G W 
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for ail y E Ax, u E Ci^x) + B^, and q E p + Cx- By compactness, K C Uxg/^^ 
some finite subset I C K. Then B := Hrre/ — ^ ^ ■~ Clx&i^^ — ^ open 
zero-neighbourhoods. Let rj E ^ + Ck{X, B) and q E p + C CP. Given y E K, there is 
X E I such that y G A^;. Hence 

f{y,v{y),(i) - f{y,C{y),p) = f{y,v{y),(i) - f{x,C{x),p) - {f{y,C{y),p) - f{x,C{x),p)) 

e w-wcv. 

For y e on the other hand, we have f{y,'ri{y),q) — f{y,i{y),p) — and thus 

f{.y,vi.y),(l) - fiy,^iy),p) ^ O e V triviaUy. We have shown that 0(r/, g) - 0(C,J5) e 
Ck{X, V) for all {r], q) in the open neighbourhood {^-\-Ck{X, B)) x (p + C) of Thus 
is continuous, as required. 

Induction step. Suppose that /c > 1, and suppose that the proposition holds for k replaced 
with k-l. Abbreviate Q := (Ci^(X, U) x pjl^l C C^(X, U) x P x Ck{X, E) x Z xK and 
:= eQ:t^O}. For all {tP,V,(l,t) e Q^, we have 

i(</.(e + ir7,p + ig) - (l){^,p)){x) = i(/(,x, ^(x) + tr]{x),p + tq) - f{x, ^{x),p)) 

= (^(^),?), ^) (8) 

for all X E X, which suggests to define 

i;:Q^CK{X,F), ,pi^,p,ri,q,t){x) := /{x, .y'\{ax),p), {v{x),q), t) for x G X. 

If we can show that ip is continuous, then will be with — ip, by (8). 

Claim 1. ijj is of class C^~^ on . In fact, inversion being smooth, addition and 

scalar multiplication in Ck{X,E) and Ck{X,F) being continuous linear (resp., bilinear) 
and thus smooth, and being of class C'^^^ by induction, the claim readily follows from 
the formula -0(^,^,^,9,^) = + ^^'^ + ^'?) " i^,P,V,'l,t) G Q''. 

Claim 2. Every {C,,p,ri,q,0) G Q /las an open neighbourhood on which ip is of class C^^^ . 
In fact, since im(^ C ^{K) U {0} and imr; C r]{K) U {0} are compact subsets of E, and 
im^ C [/, there exist open neighbourhoods A Q U of im^, P C of imjy and an open 
zero-neighbourhood C C K such that A -\- C ■ B Q U . Shrinking C if necessary, we may 
furthermore assume that there exist open neighbourhoods D C P of p and G C Z of q such 
that D + C ■ G P. Then Ui := A x B is an open subset of E x E containing im(,^,r7), 
and Pi := D X G X C is an open neighbourhood of {p, g, 0) in P x Z x K. The definition 

f^■.XxU^xP^^F, f,{x, (a, b), {p' ,q' ,t)) -.^ f{x, (b, q'),t) 

makes sense by choice of C/i and Pi (i.e., the expression on the right hand side is defined). 
As an immediate consequence of hypothesis (c), the mapping fi{x, .) is of class C^~^, for 
each X e X, and X x (?7i x Pi)'-'! F, {x,y) i-^ fi{x,.)^^\y) is continuous for all j G No 
such that j < k — 1. By induction, 

<Pi:Ck{X,U,)xP,^Ck{X,F), Mi,Pi){x) -.^ fi{x,j{x),p,) 
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is a mapping of class ^. Since 0i(((7, r) , {p' , q', t)) — -^{a, p' , r, q' , t) for all (cr, p' , r, q' , t) e 
Ck(X, A)xDx Ck{X, B) X G xC CQ, Claim 2 is established. 

In view of Claims 1 and 2, Lemma 1.12 shows that t/j is a, mapping of class C''^^. In 
particular, ip is continuous and thus, in view of (8), the mapping (f) is of class with 
= -0 of class C^"^ Thus 4> is of class C*^. □ 

We readily deduce: 

Corollary 3.4 Let E and F be topological K-vector spaces, U Q E an open subset, k e 
No U {oo}, and f : X x U F be a mapping. Suppose that 

(a) f{x, .) = for allxeX\ K; 

(b) f{x,*):U^Fis of class for each x & X , and 

(c) X X U^^ F , [x, y) I— >• f{x, (y) is continuous, for each j e Nq with j < k. 
Then 

Ck{X,U) ^ Ck{X,F), /,(7)(x) - f{xn{x)) 
is a mapping of class C''. □ 

Corollary 3.5 Let E and F be topological K-vector spaces and f : U —>■ F be a mapping of 
class , defined on an open subset U of E. If K ^ X, assume that & U and /(O) = 0. 
Then 

Ck(X, f) : Ck{X, U) ^ Ck{X, F), 7^/07 
is a mapping of class C'^. 

Proof. We have Ck{X, f) = g^, where g: X xU F, g{x,y) :— f{y) is easily seen to 
satisfy Conditions (a), (b), (c) of Corollary 3.4. □ 

Before working through the analogues of the preceding facts for spaces of C'-maps stated 
in the next section — which are considerably harder to prove — the reader may wish to pass 
directly to the construction of continuous mapping groups in Section 5 (assuming r = 
there), to see what the results just proved are good for. 

4 Spaces of C^-maps and mappings between them 

In this section, we discuss spaces of vector-valued C^-maps, and mappings between such 
spaces, to facilitate the construction of a manifold structure on groups of C"'-maps in 
Section 5. Wc begin with the special case of vector-valued mappings on open subsets of 
topological vector spaces. 

In this section, F denotes a topological field, and K a topological field extending F, meaning 
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that K contains F as a subfield, and that the inclusion map F — > K is continuous.^ Starting 
with Proposition 4.20, we shall assume that F is locally compact. We remark that, if F 
is a valued field (for instance, if F is locally compact), then the inclusion map F — > K 
is a topological embedding automatically, as every 1-dimensional (HausdorfF) topological 
F- vector space is topologically isomorphic to F ([79], §5.1, Example 1 and §5.4, Theorem 9). 

The spaces C'^{U,E), when U is an open subset of the modeling space 

The preparatory results concerning mappings on open subsets U of topological vector 
spaces provided in this subsection are essential for our later discussion of the general case, 
where U is replaced with a manifold. 

4.1 Given a topological K- vector space E and open subset f/ of a topological F- vector 
space Z, we let C^{U,E) be the set of all mappings j : U E of class (where 
r e No U {oo}). It is clear that pointwise operations turn C'^{U, E) into a K- vector space. 
We give C^(C/, E) the initial topology with respect to the family of mappings 

C'iU, E) C{U^^\ E), 7 ^ -f^^\ 

where j E No such that j < r, and where C{U^^\E) is equipped with the topology of 
uniform convergence on compact sets (which coincides with the compact-open topology). 
It is clear that C''{U, E) becomes a topological K- vector space in this way. 

The sets 

[K, W\ := {7 E C(f/W, E) : -f{K) C W} 

form a basis of open zero-neighbourhoods for the topology on C{U^\E) when K ranges 
through the compact subsets of U^^ and W through the open zero-neighbourhoods of E. 

Remark 4.2 The following assertions readily follow from the definitions: 

(a) For every r > s, the inclusion map C^{U, E) C^{U, E) is a continuous linear map. 
The topology on C°°{U,E) is initial with respect to the family of inclusion maps 
C^iU.E) C^iU.E), where k E Nq. Furthermore, C°°{U,E) = limC^(t/,E). 

(b) For every k E No, the topology on C^^^{U, E) is initial with respect to the inclusion 
map C^^^{U, E) C{U, E) together with the mapping 

Cfc+i(C/, E) ^ C'=(C/W, E), 7 ^ 7W . 

Strengthening (b), we have: 

Lemma 4.3 In the preceding situation, the map 

A : C^+\U,E) ^ C{U,E) x C''{U^^\E), A(7) := (7,7™) 

is a topological embedding onto a closed vector subspace of C{U,E) x C^{U^^\E). 
^Typical examples are: 1. K = F; 2. F = R, K = C. 
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Proof. By Remark 4.2 (b), the map A is a topological embedding. To see that im(A) is 

closed, let (7„) be a net in C''~^^{U, E) such that A(7q,) converges in C(f/, E) x C^{U^^\E), 
say to (7,?7) with 7 G C{U,E) and G Let {x,y,t) G f/'^' (see 1.8 for the 

notation). Then 70(2;) 7(2;) and 7q,(x + ty) 7(0; + ty), entaihng that (7o)'^l(x, t) — 
\{ja{.x + ty) - 7a(a;)) ^ |(7(a; + ty) - 7(2;)). Since also iaa)^^Kx,y,t) 7]{x,y,t), we 
deduce that 'r]{x, y, t) — j{'y{x + ty) — "y{x)). The map rj being continuous, this means that 
7 is C]J, with 7'^' = rj. The map 7'^' = rj being Cp, we deduce that 7 is Cp"*"^ and thus 
7 G C"=+i(C/, £;). Then lim A(7a) = (7, rj) = (7, 71^!) = A(7). Thus im(A) is closed. □ 

Lemma 4.4 Suppose that Z and Y are topological ¥-vector spaces, U C. Z and V C. Y 
open subsets, and f:U^Va C^-map. Then the "pullback" 

C^{f,E):C^{V,E)^C^{U,E), 7^7°/ 

is a continuous K-linear map. 

Proof. Given elements r > s G No U {00}, let is,r : C''{U,E) C'{U,E) and 
js,r ■ C'^{V,E) — > C^{V,E) be the respective inclusion maps. Since ik,oo ° C°°{f,E) 
= C^{f, E) ojk^oo if / is of class C^, in view of Remark 4.2 (a) the continuity of C°°{f, E) 
follows if we can show that C^{f, E) is continuous for each k G Nq. Thus, we may assume 
that r G No, and prove the assertion by induction on r. The case r = is a standard fact, 
see [16], p. 157, Assertion (2). 

Induction step. Suppose the lemma is correct for some r G No, and suppose that f : U ^ V 
is of class Cp'*'^. The mapping io^r+i ° C^^^{f, E) = C^{f, E) o jo,r+i being continuous, in 
view of Remark 4.2 (b) it only remains to show that 

0: C^^\V, E) C^{U^'\E), 0(7) {C^^\f, £;)(7))''' = (t ° ff^ 

is continuous. By the Chain Rule, we have 

0(7) = (7o/)W = C'-($,£;)(7W), 

where $ : C/W ^ T/W, ^iu,y,t) := {f{u),f^^\u,y,t),t) is of class C. By induction, 
C"-($, E) : C"^(T/W, E) C^{U^^\E) is continuous, and also V: C^-^^V, E) C^{V^^\ E), 
7 I— > 71^1 is continuous (Remark 4.2 (b)). Thus = C"'($, E) o i/j is continuous. □ 

Lemma 4.5 Let E be a topological K-vector space, Z a topological W-vector space, U C. Z 
an open subset, and f : U K be a mapping of class CJ. Then the ^'multiplication 
operator" 

mf. C^(U,E) ^ C^(U,E), (m/(7))(x) := f{x)-^{x) 



is a continuous "K-linear map. 
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Proof. Arguing as before, we find tfiat it suffices to discuss the case where r e Nq. The 
proof is by induction. In the following, let us write m/^. for m/, to stress its dependence 
on r. Given r > s e No, we let is,r '■ C^{U, E) C^{U, E) be the inclusion map. 

Case r = 0: Let K ^ZU he a, compact subset and C be an open zero-neighbourhood. 
Since f{K) is compact, f{K) ■ C {0} C \/, and scalar multiplication is continuous, there 
is an open zero- neighbourhood W <^ E such that f{K) ■ W <^ V. As a consequence, 
m/([i^r, lyj) C V"J. Being continuous at by the preceding, the linear map ruf^o is 
continuous. 

Induction step. Suppose that the assertion of the lemma is correct for some r G Nq, and 
let /: [/ — > K be a mapping of class Cp'^. Then io,r+i ° ^/,r+i = ^f,o° io,r+i shows that 
io,r+i °fnf,r+i is a continuous linear map. Using that scalar multiplication /3 : K x £■ — > £^ is 
a continuous K-bilinear (and thus F-bilinear) map, the formula for (3^^^ (see Examples 1.6) 
combined with the Chain Rule shows that 

(m/,^+i(7))W(x,y,i) 
= (/3o(/,7))W(x,y,i) 

= /3(/(x), 7W(^, y, t)) + y, 7(^)) + m^'Kx, y, t),-f^\x, y, t)) 

= fix)- 7W (x, y , + /W (x, y , • 7(x) + t/'^' [x, y,t) ■ ^^'^ (x, y,t), 

whence 

(rrif, r+l (7) ) = (m fon+r-fl^l ,r ° 0) (7) + /[i] ,r « C''' (^T, O ir,r+l) (7) , (9) 

where vr: f/t^l ^ f/, n{x,y,t) := x and r: f/'^' ^ K, T{x,y,t) := t are smooth and thus Cp, 
multiplication operators are denoted in the apparent way, and 0: C'^^^{U, E) — > C^(t/[^], E) 
denotes the continuous linear map 7 1— > 71^1. In view of the induction hypothesis and 
Lemma 4.4, Equation (9) shows that C+^iU.E) C'~{U^^\E), 7 ^ (m/,r+i(7))W is a 
continuous K- linear map. By Remark 4.2 (b), m/^^+i is continuous. □ 

Lemma 4.6 Let Z be a topological ¥-vector space, U C. Z be an open subset, and {Uiji^j 
he an open cover of U . For i & I, let Xi: Ui ^ U be the inclusion map, and 

A := C'{\, E) : C'-(t/, E) ^ C'{U,, E), ^(7) := ^\u, 

be the corresponding restriction map. Then the topology on C^{U, E) is initial with respect 
to the family {pi)i^i. 

Proof. Arguing as usual, we may assume that r is finite. The proof is by induction. By 
Lemma 4.4, each map pi is continuous linear and thus the initial topology Or on C^{U, E) 
with respect to {pi)i^i is a (Hausdorff) vector topology on C^^U, E) which is coarser than 
the given topology. We shall write pi^r for pi, to stress its dependence on r. 
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The case r = 0. Suppose that X is a compact subset of C/, and 1^ C £■ an open zero- 
neighbourhood. Given x & K, there exists i E I such that x C Ui. Since K is compact 
Hausdorff, there exists a compact neighbourhood \4 of x in K such that \4 C T^flf/j. As a 
consequence, using the compactness of K we find finitely many compact subsets Ai, . . . ,An 
of K covering K, such that, for each j = 1, . . . ,n, there is ij e / with Aj C Ui.. Then 
[K,W\ C C^{U,E) coincides with r\]=iPj where [Aj,W\ C C°{Uj,E). As a 

consequence, the vector topology Oq on C^{U, E) is finer than the given topology and thus 
coincides with it. 

Induction step. Suppose that the assertion of the lemma is correct for some r e Nq. In 
view of Remark 4.2 (b), we have to show that the mappings 

0: (C^+^(C/, E), Or+i) C^{U, E), (t){x) = x and 

i^: {C^+\U,E),Or+i) ^ C^{U^'\E), V'(7) t'"' 

are continuous, using the usual topology on the spaces on the right hand side. Let ji : 
C^'^^{Ui, E) — > C^{Ui,E) be the inclusion map, which is continuous linear. As pi^ o cj) — 
ji ° Pi,r+i is continuous, we deduce from the C°-case of the lemma already proved that (f) is 
continuous. 

To see that also -0 is continuous, let {x,y,t) e t/l^' and 7 e C^^^{U,E) (see 1.8). Then 

i^{l){x,y,t) = \{-i{x + ty) --i{x)) 

and thus 

V'(7)lc/li[ = Ko(C^(s,i;) -C^(7r,£;))o//,,,+i)(7), (10) 
where the inclusion map pir,r+i- {C''+'^{U, E),Or+i) {^{U, E),Or) = C''{U,E) (induc- 
tion hypothesis!) is apparently continuous linear, and / : f/'^' K, (x,y,t) 1— > t~^ is 
of class as well as the mappings s : U^^^ — >• 6'", s{x,y,t) := x + ty and tt : f/'"^' — U, 
7T{x,y,t) :— X. By Lemma 4.5, the multiplication operator m/: C" (?7l^[, £") — > C' (t/1^[, £") 
is continuous, and by Lemma 4.4, the mappings C^(s, E) and C"'(7r, £■) are continuous. 
Thus Equation (10) shows that 

(C"-+^(c/, £;), a+i) ^ c^(c/^'t, ^), 7 ^ Hi)Ui (11) 

is a continuous mapping. 

Next, suppose that p = (2:0,1/0,^0) ^ f^'^^ is given such that to = 0. There exists i e 
/ such that xo G Ui. Then (a;o,|/o,0) G (^i)'^'' which is an open subset of C/'^'. As 
Pi,r+i is continuous on (C+^U, E), Or+i) and also C"'+^(C/i, £;) ^ C'-{uI^\e), 7 ^ 7111 is 
continuous, we deduce that the mapping (C'^'^^(U, E), Or+i) — > C'^(uI^\e), 

i^h\u.)^'^-i%K-i^ii)\ui^^ (12) 

i i 

is continuous. Now {f/'^'} U {f/|^' : i G /} being an open cover of f/^^^, using the induction 
hypothesis we deduce from the continuity of the mappings described in (11) and (12) that ip 
is continuous. □ 
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The spaces C'^(M, E) and mappings between them 

4.7 Given a topological K-vector space E and F-manifold M of class Cp, modeled on a 
topological F- vector space Z, we let C^{M, E) be the set of all mappings 7 : M — > £^ of 
class Cp. It is clear that pointwise operations turn C"'(M, £") into a K-vector space. We 
give C^{M, E) the initial topology with respect to the mappings 

: C^(M, E) ^ C^{V, E), 7 ^ tIc/ o , (13) 

where k:U V C Z ranges through the charts of M. It is clear that this topology makes 
C'^{M, E) a topological K-vector space. 

4.8 Since an open subset U C Z may be considered as an F-manifold, we now have two 
definitions of a topology on C'^{U,E), described in 4.1 and 4.7. As a consequence of 
Lemma 4.6, both topologies coincide: 

Lemma 4.9 If A is an atlas of charts for M, then the topology on C^{M,E) is initial 
with respect to the family {OnjKeA- 

Proof. Apparently, the initial topology O with respect to (6'K)«;e^ is coarser than the 
given topology on C'^{M, E). To see that it is also finer, we have to show that O makes 
9,1 continuous, for every chart r] : U — > F of M. For k E A, say k : ^ W,^, define 
V; := jj{U^ n U). Then {V^)^eA is an open cover of V, and as (C"'(M, E),0) ^ C''{V^, E), 

7^^»?(7)k. =7o?7~V. = ^«(7) o « ° V. = o ?7~ V«> ^) ° ^«)(7) 

is a continuous function of 7 by Lemma 4.4 and definition of O, for each K&A,we deduce 
from Lemma 4.6 that 9jj is continuous, which completes the proof. □ 

Remark 4.10 The topology on C^{M,E) = C{M,E) just defined coincides with the 
compact-open topology. Indeed, the new topology obviously is coarser than the compact 
open topology, but it is also finer, by the argument used in the proof of Lemma 4.6, case 
r — (see also Lemma 4.22). 

Lemma 4.11 Let M and N be Cf-manifolds modeled on topological ¥-vector spaces, E be 
a topological K-vector space, and f : M ^ N be a Cp-map. Then the "pullback" 

C^{f,E):C^{N,E)^C'{M,E), 7^7°/ 

is a continuous K-linear map. 

Proof. It is clear that C"'(/, E) is K-hnear. There exists an atlas {ni : i E 1} oi charts Ki : 

Ui ^ Vi oi M such that, for each i E I, f{Ui) C Ai for some chart (pi: Ai ^ Bi of A^. Given 
i e /, consider Of. C'{M,E) C'XVi,E), Oiij) := 70^71 and 0^: C^N^E) C'{Bi,E), 
0j(7) := 7 o In view of Lemma 4.9, the mapping C^{f, E) is continuous if and only 
if Oi o Cif, E) is continuous for each i. But Oi o C'if, E) = ^{(pi o /|^; o kJ\ E) o 0, is a 
composition of continuous mappings (see Lemma 4.4) □ 
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Lemma 4.12 Let M be a C^-manifold, modeled on a topological ¥ -vector space, E he a 
topological "K-vector space, and {Ui)i^i be an open cover of M. Then 

is a topological embedding, whose image is a closed vector subspace ofY[i^iC^{Ui,E). 

Proof. Let Xi : Ui ^ M be the inclusion maps. The coordinate functions of p are 
the restriction maps pi = C^{Xi,E) : C''{M,E) C^'{Ui,E), 7 1— ;> 7 o Aj = 7|(7,, which 
are continuous hnear by Lemma 4.1L Hence p is continuous hnear, and apparently it 
is injective. Let A be the set of all charts of M whose domain is contained in some Ui. 
Then A is an atlas for M. Given k, E A, say k, : U ^ V with U C C/j, we can write 
9,: C^{M, E) ^ C"-(y, £;), 7 ^ 7 o as e« = e« o p,, where e«: C"-(C/i, E) ^ C"-(F, E), 
rj ^ rj o . As a consequence, is continuous with respect to the topology O induced 
by p on C^{M,E). Hence, by Lemma 4.9, O has to be finer than the given topology on 
C^{M,E). Being also coarser (since p is continuous), it coincides with the given topology. 
Thus p is a topological embedding. 

Let F := imp, and F be its closure. Given j,k e /, and x & Uj H Uk, define fj,k,x '■ 
Yli^i C^^i^ij ^) ~^ ^ '^i^ {li)iei ^ ~ lk{,x). Then fj,k,x is a continuous linear map. 

From fj,kAF) = {0} we deduce fj,kA^) ^ {0} = {0}- Thus 7,1 c/jnc/fe = Iklu^nu^ for all 
£ F and j, k E L As a consequence, given (7j)ie/ G F, we can unambiguously 
define a mapping j-.U^E via 7(0;) := 7^(2;) if a; G Ui. Since 7|c/. = 7^ is of class for 
each i & I, Lemma 1.12 shows that 7 is a mapping of class C". It remains to note that 
{-fi)iei = p(7) □ 

Various simple observations will be useful. 

Lemma 4.13 Suppose that X: E ^ F is a continuous K-linear map between topological 
K-vector spaces. Then 

C'{M,X):C'{M,E) ^C'^{M,F), ^^Xo^ 

is a continuous linear map. 

Proof. Given a chart k: U ^ V oi M, we have 9^ o C''{M, X) = C^(\/, A) o where 
9^ : C''{M,E) C'-{V,E), 7^70 K-\ and 9^ : C''{M,F) C'{V,F) is defined 
analogously. The topology on C^(M, F) being initial with respect to the mappings 9^, 
it therefore suffices to show that C^{V,X) is continuous, for any open subset V of the 
modeling space of M. Let j G Nq such that j < r. For each 7 G C^{V,E), we have 
(C"'(y, A)(7))[^] = (A o 7)^1 = A o (71^1) = C(yW, A)(7[^l) since A is continuous linear. Here 
C"'(V, E) — > C{V^^\ £■), 7 H- > 7[-'l is continuous linear by definition of the C"'-topology, and 
C{V^\ A) : C{V^\ E) Ciy^\ F), rj i-^ Xorj is continuous with respect to the compact- 
open topologies by [16, §3.4, Assertion (1)]. The topology on C"'(y, F) being initial with 
respect to the maps (•)'^', we deduce that C^{V, A) is continuous. □ 

If the topology on a topological space X is initial with respect to a family of maps into 
topological spaces whose topology is again initial with respect to certain families of maps, 



28 



HELGE GLOCKNER 



then the topology on X is initial with respect to the family of composed maps. This 
well-known fact will be referred to as "transitivity of initial topologies" in the following. 

Lemma 4.14 Suppose that the topology on E is initial with respect to a family {Xi)i^i 
of K-linear maps Xi : E ^ Ei into topological K-vector spaces Ei. Then the topology 
on C^'{M,E) is initial with respect to the family {C^{M, Xi))i^i of the linear mappings 
C"-(M, Xi) : C^(M, E) C'{M, Ei). 

Proof. The topologies on C^[M, E) and C"'(M, Ei) are initial with respect to the mappings 
: C'-(M,E) ^ C^(K,^), resp., : C'iM,Ei) ^ C'iV^,Ei) (as in (13)), where 
k: [/k ^ K; ranges through the set of charts of M. Hence, we deduce from C^{Vk, Aj) o6'k = 
(^K,i ° C^{M, Xi) and the transitivity of initial topologies that the assertion will hold if we 
can prove it when M is an open subset of a topological F- vector space Z (hke the sets K)- 
Using Remark 4.2 (a) in a similar way, we may furthermore assume that r e Nq is finite. 
Now, the proof is by induction. 

For r = 0, in view of Remark 4.10 the assertion is immediate from [16, La. 3.4.6]. If r e 
N and the assertion holds when r is replaced with r — 1, we recall that, ior M — U C Z, the 
topology on C^(C/, E) is initial with respect to the inclusion map /: C^{U, E) — > C(C/, E) 
and the map (.)™: CiU.E) C"-i(f/W,E). Let /, : CiU.Ei) C{U,Ei) be inclusion. 
Since C"-i(f/W, A*) ° i-)^^^ = (O™ ° C"iU, A,) and C{U, A,) o / = /, o C"(f/, A,), we deduce 
from the induction hypothesis, the case r = and the transitivity of initial topologies that 
the topology on C""(M, E) is indeed initial with respect to the maps C^U, Xi). □ 

As an immediate consequence, we have: 

Lemma 4.15 Let Ei and E2 be topological K-vector spaces, and pr^ : El X E2 — ^ -E'l; 
pr2 : El X E2 ^ E2 be the coordinate projections. Then 

(C"-(M, pri), C"-(M, pr^)) : C'{M,Ei x E2) ^ C'iM,Ei) x C^(M,E2) 

is an isomorphism of topological K-vector spaces. □ 

Using the latter isomorphism, we shall frequently identify a function 7 e C'^{M,Ei x E2) 
with its pair of coordinate functions (71, 72), 7^ := pr^ o 7. 

Proposition 4.16 Let E, F , H^nd Z be topological K-vector spaces, P C. H be an 
open subset, r,k e No U {oo}, M be a K-manifold of class C^'' modeled on Z, and 
f: MxExP^F be a mapping of class C^'^. Let M be an ¥ -manifold of class C^, 
modeled on a topological ¥ -vector space Z . Given a C^-map a: M ^ M, define 

/ := / o (a X ide X idp) : M x E x P ^ F . 

Then 

(/.: C^iM,E) xP^ C^iM,F), 0(7,p) := /(.,p)*(7) 
is a mapping of class C^, where f{*,p)*{'y){x) :— f{x,j{x),p) for x e M. 
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Proof. Since C°°{M, F) = lim C^{M, F) apparently and the inclusion map 

C°°{M, E) C^{M, E) is continuous linear and thus of class C^, we easily deduce with 
Lemma 1.17 that (j) is of class in the case r = cso, provided the proposition holds for 
all r e Nq. It therefore suffices to consider the case r e Nq. 

Reduction to open subsets of Z and Z 

There is an atlas A = {ni : i G /} of charts K,i : Ui ^ Vi C Z of M such that (j{Ui) is 
contained in the domain Si of a chart Ti : Si ^ Ri Z oi M. In view of Lemma 4.12, 
Lemma 4.11, Lemma 1.15 and Lemma 1.16, the map will be if we can show that 

hi-. C^{M,E) X P ^ C'-{Vi,F), (7,p) ^ 0(7,p) o/^ri 

is of class C|, for every i e I. Then := / o (r~^ x id^ x idp) :i?jX£'xP^Fisa 
C,^'^*^-map, and := o(t|^. o«;~^ : — > Pj is of class Cp. We set fi :— fio(ai x id^ x idp) : 
Vi X E X P ^ F and define 

<f>i:C'{V,,E)xP^C-{V,,F), 0,(7,p) := o (idv^^, 7) . 

In view of Lemma 4.11, the formula hi{'y,p) = (l)i{C^ {k^'^ , E){'y) , p) shows that hi wiU be 
if so is (pi. Replacing M with Vi and M with Ri, we may therefore assume that M and 
M are open subsets of Z, resp., Z, for the rest of the proof. 

Apparently, it suffices to consider the case where /c e Nq; the proof is by induction on k. 

The case fe = 0. 

The proof is by induction on r. If r = 0, then the topology on C°(M, E) and C°(M, F) is 
the topology of uniform convergence on compact sets (see 4.8). Let 7 G C(M, E), p E P, 
L be a compact subset of M, and F C F be an open zero-neighbourhood. Let W C F 
be an open zero-neighbourhood such that W — W C V . For each x G L, we find an open 
neighbourhood C M oi x and open zero-neighbourhoods Q E and Q H such 
that p + Cx Q P and 

f{y,u,q) - f{x,-f{x),p) G W 

for all y G A^, u G j{Ax) + B^, and q E p + Cx- By compactness, L C IJxe/^^ 
some finite subset I C L. Then B := f]^^jBx C E and C := HajG/^^ — ^ open 
zero-neighbourhoods. Let ^ G 7 + |_L, PJ and q E p + C C P. Given y E L, there is x G / 
such that y e A^. Then 

f{y,^{y),(i) - f{y,i{y),p) = f{y,^{y),q) - f{xn{x),p) - {f{y,i{y),p) - f{xn{x),p)) 

G w-wcv. 

We have shown that (f){^, q) — 0(7, p) G [L, V\ C C{M, F) for all (^, 5) in the open neigh- 
bourhood (7 -|- [L, B\) X {p + C) of (7,p). Thus is continuous, as required. 
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Induction step on r. We write (f)r for 0, to emphasize its dependence on r. Suppose the as- 
sertion of the lemma is correct for A; = and some r G Nq. Suppose that the hypotheses of 
the lemma are satisfied by / and a, with r replaced by r + 1. Let i : C^~^^[M, E) C{M, E) 
and j : C"'^^(M, F) C{M, F) be the inclusion maps. The mapping 

C''+\M,F) ^C{M,F) xC'{M^^\F), 7^ (7,7^) 

is an embedding of topological K- vector spaces by Remark 4.2(b). Thus 0^+1 will be 
continuous if we can show that the mappings j o (f)j.+i and 

V': C^+\M,E) X P ^ C"-(mW,F), V(7,p) 0r+i(7,p)''' 

are continuous. We already know that (f>o is continuous, whence j o = 0q o (i x idp) 
is continuous. Recall that (j)r+i{'y,p){x) — f{a{x),^{x),p) for 7 e C^+^(M, £■), p e P and 
X e M. The Chain Rule gives 

i^h,p){x,y,t) = 0r+i(7,p)W(x,?/,t) 

= /W((a(a;),7(a;),p), |/, t), 7W(^, I/, 0), t) 

for aU 7 e C"'+^(M, E), p e P and (x, t) e M^^l Hence 

V'(7,P) = 5(»,P)*(7opri,7'^^) , (14) 

where pr^ : M'^l M, {x, y, t) ^ x, and g := go ( (Ta) x idE2 x idp 
with 

^: MW X ^2 X P ^ P, ^((x,i/,t), (M,t;), p) := /W((a^,«,P), (l/,^',0), t) 

of class and fcr: AfW ^ MW, {fa){x,y,t) := ((7(x), (7^(0;, i), i) of class CJ. By the 
induction hypothesis, the map 

c"-(mW,p') X p ^ c^(mW,p), («^,p) ^ ^(.,P)*(«^) 

is continuous. As C'-+\M,E) C^(MW,p2) ^ ^^(mW,^)^, 7 ^ (7opri,7W) is 
continuous as well (cf. Remark 4.2, Lemma 4.4, Lemma 4.15), we deduce from (14) that t/j 
is continuous, and hence so is (pr+i- 

Induction step on k. 

Suppose the assertion of the lemma is correct for some k E Nq and all r e Nq. Let a and 
/ be given which satisfy the hypotheses of the lemma when k is replaced with k + 1. Then 
(f): C^{M,E) X P — ^ C^{M,F) is of class (and thus continuous), by induction. Given 
7,77 G C''{M,E), p,q e H and t e¥, we clearly have {-f,p,r],q,t) G (C"-(M,P) x P)W if 
and only if (p, q, t) G P'^l In this case, provided t 7^ we calculate 

\{(l){-f + tr],p + tq) - 0(7, p)) (x) 
= l(/(^(^)'7W +t^?(a;),p + tg) - /((j(x),7(x),p)) 
= /W(((7(x),7(x),p), (0,7^(x),g), i) 



LIE GROUPS OVER TOPOLOGICAL FIELDS 



31 



for all X E M. Hence 

y (0(7 + tr],p + tq) - 0(7,p)) = h{., (p, q, t))*(7, r}) (15) 

for all 7, 77 e C"'(M, E) and (p, q, t) e such that t ^ 0, where h := /lo (a x idea x idp[i]) : 
M X X p[^l ^ F arises from the C^+^'-map 

h-.MxE'x PW ^ F, M^;, («,i;), {p,q,t)) := /W((2;,«,p), (0,i;,g), t) . 

By the induction hypothesis, the map 

V^: C^{M,E') X PW ^ C7'^(M,P), (p,g,t)) ^ M-, (p, g, t))*(«:) 

is of class (and hence continuous). In view of (15), we see that is of class C^, with 
given by 0'"^^((7,p), (t?,?), ^) = '?/'((7; ''?); {Pifl-it)) and thus of class C^. Hence is of 
class C^"^^, as required. □ 

It would not make sense to omit the set of parameters P in the formulation of Proposi- 
tion 4.16 (hoping to make the proof easier this way). In fact, even if P is a singleton, a 
non-singleton set Pi will occur in the induction step on k of the preceding proof. 

The spaces C^(iVf, E) and mappings between them 

If F is locally compact and C M is a compact subset, we give 

C^(M, E) := {7 e C"^(M, E) : supp(7) C K} 

the topology induced by C^'{M,E). The point evaluations C^{M,E) — >■ F, 7 i— >■ 7(0;) at 
the elements x E M being continuous linear maps, C]^(M, E) is a closed vector subspace of 
C^{M,E). In the next proposition, we compile some useful properties of function spaces. 
The simple proofs arc given in Appendix A. Only part (c) is needed for the Lie group 
constructions. Part (d) serves to put our studies in perspective. Before we can state the 
proposition, let us recall various concepts. 

4.17 First, recall that a Hausdorff topological space X is called a k-space if a subset f/ C X 
is open precisely if L'^ fl is open in K for every compact subset K C X. For example, 
every metrizable topological space is a fc-space. 

Definition 4.18 Let F be a topological K- vector space. 

(a) E is called sequentially complete if every Cauchy sequence in E is convergent. 

(b) E is called Mackey complete if every Mackey-Cauchy sequence in E is convergent. 
Here, a sequence {xn)n£N in E is called a Mackey-Cauchy sequence^ if there exists a 
bounded subset B C. E and elements iin,m £ K such that Xn — Xm £ IJ'n,mB for all 
n, m e N and iin,m ^ in K as both 71,171 ^ 00. 

^The two concepts mainly are of interest if K is a valued field. 
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Note that every Mackey-Cauchy sequence also is a Cauchy sequence; hence every sequen- 
tially complete topological K-vector space is Mackey complete. 

Proposition 4.19 Let M be a C^-manifold, modeled on a topological ¥-vector space Z. 
Let E be a topological K-vector space. Then the following holds: 

(a) Assume that Z^^ is a k-space for all j e No such that j < r; for example, this 
holds if both F and Z are metrizable. Then C^{M, E) is complete (resp., sequentially 
complete, resp., Mackey complete) if E is complete {resp., sequentially complete, 
resp., Mackey complete). 

(b) //K is R, C or an ultrametric field and E is locally convex, then also C^{M,E) is 
locally convex. 

(c) If ¥ is locally compact, E is metrizable and M is a a-compact, finite- dimensional 
C^-manifold, then C^{M,E) is metrizable. 

(d) //F e {R, C}, K e {F, C} and E is locally convex, then the topology on C^(M, E) is 
initial with respect to the family {D^)r>jeN„ of maps : C^(M, E) C(T^M, E)c.o., 
7 H- > -0-^7, and hence it is the topology traditionally considered on C^{M,E) {see 
Appendix A for the notations) . 

If ¥ is locally compact, then analogous conclusions hold for the closed vector subspace 
C^k{M, E) of CiM, E), for every compact subset K CM. □ 

The remainder of this section is devoted to the following result (and variants), which will 
be needed, for example, for the discussion of groups of C'-maps. Until the end of the 
section, we now assume that the topological field F is locally compact. 

Proposition 4.20 LetE, F, and Z be topological 'K-vector spaces, U C E an open subset, 
r,k G No U {cxd}, M be a K-manifold of class C^'^ modeled on Z , and f : M x U ^ F 
be a mapping of class C^'^. Let M be a finite- dimensional ¥-manifold of class C^, and 
K C. M be a compact subset. Given a mapping a : M ^ M of class C^, we define 
/ — / o (cT X idu) : M X U ^ F. If K ^ M, we assume that E U and f{x, 0) = 
for allx e M\K. Then C^(M, U) := {7 e ^^(M, E) : 7(M) C U} is an open subset of 
C^k{M,E), and 

C^(M,C/) ^ C^(M,F), f.{^){x) f{x,^{x)) 
is a mapping of class C^. 

Corollary 4.21 LetE and F be topological K-vector spaces and f : U F be a mapping of 
class C^'^, defined on an open subset U of E. Let M be a finite-dimensional ¥ -manifold of 
class C^, and K C. M a compact subset. If K ^ M, we suppose & U and /(O) = 0. Then 

CliM, f) : C],(M, U) ^ C],(M, F), 7^/07 

is a mapping of class C^. 
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Proof. Let M :— {0} be a singleton smooth K-manifold, and a: M ^ M, x i— > 0, which 

apparently is a smooth mapping. Then g : M x U ^ F, g{0,u) := f{u) is a mapping of 
class C^'^, and Ck{M, /) = for g -.^ g o [a x idu)- By Proposition 4.20, g^ is C|. □ 

Instead of proving Proposition 4.20 directly, we deduce it from a more flexible technical 
result (Proposition 4.23 below), which shall be re-used repeatedly afterwards. For its 
formulation, we require certain sets [K, C/J^ : 

Lemma 4.22 For every compact subset K C. M and open subset U C. E, the set 

[_K, U\r := {7 e C\M, E) : ^{K) C U} 

is open in C'^{M, E). 

Proof. There are compact subsets Ai, . . . , An ^ K which cover K, and such that Ai C Ui 
for some chart Ki: Ui ^ Vi of Af (cf. proof Lemma 4.6). Set Ki := /tj(Aj). Then [Ki, U\ C 
C{Vi, E) is open by definition of the compact-open topology, and hi : C^{M, E) CiVi, E), 
hii'j) := 7 o is continuous, for each i G {1, . . . ,n}. Thus [K, U\r = fliLiL^*' — 
f]tiK\[K,,U\) is open in C'{M,E). □ 

We now formulate the main technical result of this section. For the moment, only part (a) 
of the proposition is needed, but the more general part (b) will become essential in the 
proof of Proposition 12.2 below (to tackle also the case of infinite-dimensional M there). 

Proposition 4.23 Let E, F, H and Z be topological "K-vector spaces, U C. E and P C. H 
be open subsets, r,k e Nq U {oo}, and N be a K-manifold of class C^'^ modeled on Z. 
Let M be an ¥ -manifold of class C^, modeled on a finite- dimensional topological ¥-vector 
space X , K C. M be a compact subset, Y C K be an open, non-empty subset of M, and 
a:Y^N be a mapping of class Cf . Define [K, U\r Q C^{M, E) as above. 

(a) // g: NxUxP F is a C^^-map and g :^ go (crxidc/Xidp) : YxUxP F, then 

[K,U\r xP^ C'-{Y,F), (7,p) ^ g{.,pUl) 
is a mapping of class C^, where g{»,p)*{'y){x) :— g{x,j{x),p) for x e Y . 

(b) More generally, let E he. a topological K-vector space, M an ¥-manifold of class C^, 
modeled on a topological ¥ -vector space X, andf: NxUxExP F 6e a C^+*= -map. 
Define / := / o (cr x idu X id;^ ^ i^p) : YxUxExP—^F. Then the map 

0: [K,U\r X C'-(M,E) xP^ C'{Y x M,F), 0(7,7,p) /(.,p)*(7 x 7) 

is of class C^, where /(•,p)*(7 x ^){x,x) := f{x,j{x),^{x),p) for x eY, x & M. 

Proof. The proof is similar to the one of Proposition 4.16, but longer and painfully 
technical in detail. We defer it to Appendix B. □ 

The following lemma helps to deduce Proposition 4.20 from Proposition 4.23: 
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Lemma 4.24 If K C M is a compact subset and Y C M an open subset containing K , 
then the restriction map 

C'j,{M,E)^C'j,{Y,E), 7^7|y 
is an isomorphism of topological K-vector spaces. 

Proof. The restriction map clearly is an isomorphism of K-vector spaces. Let Ai be an 
atlas for Y, and A2 an atlas for M\K. Then ^ := ^1 U ^2 is an atlas for M. For each 
K. e A2, we have 9k{j) = for each 7 G C^{M,E), entailing that the initial topology on 
C^{M, E) with respect to the mappings ^^k|cj^(m,£;); where k & A, coincides with the initial 
topology with respect to the subset of mappings parametrized hy k E Ai. The assertion 
now readily follows with Lemma 4.9. □ 



Proof of Proposition 4.20. Let Z be the modeling space of M. Since F is locally com- 
pact, the canonical Hausdorff vector topology on the finite-dimensional F- vector space Z 
is locally compact. Hence M is a locally compact topological space. We therefore find 
a relatively compact open neighbourhood Y of K in M. The inclusion mappings i : 
C'k{M,E) C'\M,E) and j : C|^(F,F) ^ C'\Y,F) arc K-linear and topological em- 
beddings, with closed image. The restriction map p: C^{M, F) C^^iY, F) is an isomor- 
phism of topological K-vector spaces by Lemma 4.24. Let P :— H := {0} (zero-dimensional 
K- vector space), and define g : Y x U x P ^ F, g(x,y,p) :— f{x,y). Then, by Proposi- 
tion 4.23 (a), the map 



^: lY,U\rXP^C%Y,F), ij{j,p) := g{.,pW) 

is of class C^, where [F, U\r Q ^iM, E). Note that ^(C^(M, U)) = [F, t/J^ nC^(M, E). 
Thus C}^{M,U) is open in C^iM^E), and i(C^(M,C/)) C \Y,U\r. Since j o p o /, = 

0) o i\^r^^ij-^ apparently, we see that j o p o f* is of class C^, whence so is by 
Lemma 1.15. □ 



5 Mapping groups and mapping algebras 

In this section, we discuss mapping groups and mapping algebras, based on our studies in 
Sections 3 and 4. 

Throughout this section, r G Nq U {00}. If r = 0, we let M be any topological space, and 
K any topological field. If r > 0, we let F be a locally compact topological field, M be a 
finite-dimensional F-manifold of class Cp, and K be a topological field possessing F as a 
topological subfield. In either case, we let X C M be a compact subset. 
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Mapping Groups 

Given a K-Lie group G, we consider the set 

C^(M, G) - {7 e C^(M, G) : ^\m\k = 1} 

of G- valued mappings of class on M which are identically 1 off X 7 It is clear that 
Cl.{M, G) is a group under pointwise multiplication and inversion. Then C^{M, G) is a 
K-Lie group in a natural way: 

Proposition 5.1 On the group Cl^{M,G), there is a uniquely determined smooth K- 
manifold structure with the following properties: 

(a) it makes C'^{M, G) a K-Lie group; and: 

(b) There exists a chart k : P ^ Q from an open identity neighbourhood P <0 G onto 
an open zero-neighbourhood Q C L{G) such that k,{1) = 0, Ti(/t) = id^c), CL'i^d such 
that C^k{M, P) := C^(M, G) n P^ is open in C^iM, G) and 

C^j,{M, k) : C^(M, P) ^ C^(M, Q) C C^(M, L{G)), 7 ^ «^ « 7 

is a dijfeomorphism of smooth K-manifolds. 

Identifying L{C^KiM,G)) with ToiC^^iM, L{G))) = C^KiM,L{G)) via Ti{C^i^{M,k)), the 

Lie bracket on L{C';^{M,G)) corresponds to the mapping C^(M,/5) : C]^{M,L{Gf) = 
C'i^{M,L{G)y C]^\m,l[g)), where (3: L{Gf L{G) is the Lie bracket of L{G) {in 
other words, [7,77] (a;) = [7(2;), 77(2;)]). 

Proof. The following proof closely follows the lines of [19], Section 3, where only real and 
complex Lie groups modeled on locally convex spaces are considered. We proceed in steps. 

5.2 Let 0: [/i — > [/ be a chart of G, defined on an open identity neighbourhood Ui in G, 
with values in an open zero-neighbourhood U in L{G), such that 0(1) = 0. Let Vi be an 
open, symmetric identity neighbourhood in G such that ViVi C Ui, and set V := 4>{Vi). 
Then the mappings 

^:VxV^U, f,{x,y) := • cj>-'{y)) 

and f.V^V, := 

are smooth. We equip C^(M,[/i) := {7 e C^iM^G) : 7(M) C Ui} with the smooth 
K-manifold structure making the bijection 

C^(M, 0) : C^(M, U,) ^ C^(M, [/), 7^007 

a diffeomorphism of smooth EC-manifolds onto the open subset C^{M, U) C C'^{M, L{G)). 

''To harmonize notation, we write C^{M,G) := C{M,G) now also in the case where M merely is a 
topological space, and call continuous mappings C"^-maps. 
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5.3 Since C^(M, x C^(M,y) ^ C^(M,y x V) as C|=-manifolds (cf. Lemma 4.15), 

and C^(Af,^) : C^(M,\/ x V) ^ C'^{M,U) is by Corollary 3.5 (resp., Corol- 
lary 4.21), we deduce that the group multiplication of Cl^{M,G) induces a C^-mapping 
C^(M, 1/i) X C^(M, Vi) Ck{M, Ui). Similarly, inversion is on C^(M, Vi). 

5.4 Let 7 e C]^(M, G) now. As 7(M) C 7(i^) U {1} is compact, there is an open identity 
neighbourhood Wi C in G and an open neighbourhood P of 7(M) in G such that 
pWip-^ C Ui for all p e P. Set := (j){Wi). As C^(M,1^) is open in C^(M,1/), 
we deduce that C^(M,Vri) is open in C^(M,1/i). The mapping /i : P x M^i Ui, 
h{p, w) := pwp-^ being C^^ also f :^<f)oho (idp x 0-^|J;^^) : P x ^ [/ is C^. Then 
clearly the mapping f '■= f o x lAw) M x W ^ U, f{x,y) = (f){'y{x)(f)~^{y)j{x)~^) 
satisfies the hypotheses of Corollary 3.4 (resp.. Proposition 4.20), with k := oo. We deduce 
from Corollary 3.4 (resp.. Proposition 4.20) that the mapping : C]^(M, W) C^{M, U) 
is C^. Note that 



where : C^^iM^G) C'j^{M,G), I^{r]) := 77^7-^. Thus /^(C^(M, W^i)) C C^(M,^7i) 
and I-jIc^Imw!) °P®" identity neighbourhood C^(M, Wi) C C^(M, Vi). Now 

Proposition 1.18 provides a unique smooth K-manifold structure on C]^{M,G) such that 
C'^{M, G) becomes a K-Lie group which possesses C^{M, Vi) as an open submanifold. 

5.5 The Lie group C^{M, G) being modeled on C]^(M, L{G)), its Lie algebra can be iden- 
tified with C^(M, L{G)) as a topological vector space, by means of Ti(C]^(M, 0|yj). Let us 
show that the Lie bracket is the mapping C^(M, [., .]) on C^(M, L{GY) ^ C^(M, L{G)f 
(which is continuous by Corollary 3.5, resp.. Corollary 4.21). To this end, note first that 
the point evaluation ti^: C'^{M,G) G, Tixi'y) '■= jix) is a smooth homomorphism for 
each X G M. since vr^ o Cl^{M, (f)~^\v) = 4>~^\v ° ^x\c^ (^mv) smooth, using that the 
point evaluation : G^{M, L{G j) — > L{G) is a continuous linear map. As we identify 
riC^(M, G) with C^(M, L{G)) by means of TiC^(M, and Ti^ = idL(G) by hypoth- 
esis, we clearly have L[7ra;) = Ti{7r^) = U^. As L^iix) is a Lie algebra homomorphism, we 
deduce that [y,r]]{x) — [y{x),r]{x)] for all 7, G C]^(M, L(G)). The assertion follows. 

5.6 The asserted uniqueness of the Lie group structure on C^(M, G) with the required 

properties follows by standard arguments, using that Gj({M, ki o k^^) is a diffeomorphism 
(by Corollary 3.5, resp.. Corollary 4.21) if both k,i and K2 are charts of G with the described 
properties (whose domains coincide, without loss of generality) . This completes the proof 
of Proposition 5.1. □ 



G^^{M,cf>)-'of,oG^j,{M,cf>)\ 



C-j,{M,W) 
C-j,{M,Wi) 



TlCJ.(M,Wi) ' 



Mapping Algebras 



Given an associative topological K-algebra A (possibly without an identity element), we 
let be the associated unital K-algebra. Thus A^, = A (B Ke as a K- vector space. We 
give Ae the product topology, which makes it a unital, associative topological K-algebra. 
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Proposition 5.7 If A is a continuous inverse algebra overK, then also Cj^{M, A)e is a 
continuous inverse K-algebra. In the special case where M — K is compact, also C'^{K,A) 
is a continuous inverse K-algebra. 

Proof. Since we have Corollaries 3.5 and 4.21 at our disposal, the arguments used in [20] 
to prove the analogous result for locally convex real or complex continuous inverse algebras 
carry over to the present situation. □ 



6 Mappings between direct sums 

Throughout this section, (K, |.|) denotes a valued field. We study differentiability properties 
of certain mappings between open subsets of direct sums of topological K- vector spaces. 

Given a real number e > 0, we abbreviate -^^(O) := -B^(O) = {,t G K: < e}. We recall 
that a subset U C E of a K-vector space E is called balanced if tU C f/ for all t G IK such 
that \t\ < 1. It is called absorbing if, for x & E, there exists e > such that B^{0) ■ x C.U 
(sec [12], Ch.l, §1, no. 5). 

6.1 Let {Ei)i^j be a family of topological K-vector spaces, and E :— ^^^j Ei be its vector 
space direct sum. Let be the set of all sets U of the form 

where Ui is an open, balanced zero-neighbourhood in Ei. Then apparently every U & T 
is a balanced and absorbing subset of E, and tU G for each t E . It is also easy to 
find V & J-' such that V + V ^ U. As a consequence, there is a unique topology on E 
turning E into a topological K-vector space, and such that JF is a basis for the filter of 
zero-neighbourhoods of E (see [12], Ch.l, §1, no. 5, Prop. 4). Since f]J^ = {0}, this vector 
topology is Hausdorff. 

6.2 Let X = {xi)i(zj G E, and suppose that Ui is an open neighbourhood of Xi in Ei, for 
all i E I. Then U = Ui := E H Hig/ open neighbourhood of x in E. In fact, 
let y = {yi)i£i G U. Then Ui being a neighbourhood of yi in Ei, there exists a balanced, 
open zero-neighbourhood in E^ such that yi + Vi C C/j. Then V :— 0jgj £ J^, and 
thus y + V CU shows that C/ is a neighbourhood of y. We have shown that U is open. 

In the preceding situation, we call U a box neighbourhood of x. Accordingly, the topology 
on E just defined will be called the box topology. In this article, direct sums shall always 
be equipped with the box topology. 

6.3 It is obvious from the definition that the box topology on £^ = ©ie/ finer than 
the topology induced by the product topology on Yliei ^i- obvious that the direct 
sum E induces the product topology on HieF — ©ieF ^ finite subset 
F C /. 
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6.4 Note that if K e {R, C} and each Ei is locally convex, then also 0jg7 Ei is locally 
convex, because is convex for any family {Ui)i(zi of convex open 0-neighbourhoods 
Ui ^ Ei. Likewise, if K is an ultramctric field with valuation ring O and each Ei is locally 
convex (sec 1.2), then Ei is locally convex, because Ui is an open O-submodule 
of ^-^jEi for any family {Ui)i^i of open O-submodules Ui C Ei. 

6.5 We claim that equipped with the box topology, is the direct sum of the family 
{Ei)i^j in the category of topological K-vector spaces, provided that I is countable. Indeed, 
this assertion is trivial if / is finite. Otherwise, we may assume that / = N. In this 
case, suppose that F is a topological K-vector space and A„ : ^ F a continuous linear 
mapping for each n e N. As E — 0„gpj£'„ as a K-vector space, there is a uniquely 
determined K-linear map \: E ^ F such that X\En = for each n G N. Let Vq be a zero- 
neighbourhood in F. Inductively, we find a sequence {Vn)neN of open zero-neighbourhoods 
Vn ^ F such that K + K ^ K-i for all n G N. Then U := 0„gN^nHK) is an open 
zero-neighbourhood in E such that X{U) C X^neN — ^o- deduce that A is continuous. 

We are primarily interested in the case of countable direct sums, but our arguments will 
work more generally. 

Remark 6.6 If / is uncountable, then the box topology on E need not make E the direct 
sum of the family {Ei)i^i in the category of topological K-vector spaces. For example, if 
K = M (or C) and {Ei)i^j is an uncountable family of non-zero locally convex topological 
K-vector spaces, then the locally convex direct sum topology is easily seen to be properly 
finer than the box topology (since this is so for R^-'^^). ^ 

Remark 6.7 If {Ei)i^i is any family of locally convex topological vector spaces over an 
ultrametric field K, then E := ^i^jEi, equipped with the box topology, is locally convex 
(see 6.4), and it is the direct sum of the family {Ei)i^i in the category of locally con- 
vex topological K-vector spaces. To see this, let M C F be an O-submodule such that 
Mi :— M (1 Ei is open in Ei for each i. Then 0jgj Mi is a box neighbourhood of which 
is contained in M as M is an O-submodule (and thus an additive subgroup) of E. Con- 
sequently, M is open in E. Therefore the box topology is the finest locally convex vector 
topology on the direct sum E which makes all of the inclusion maps Ei E continuous. 
Hence E, with the box topology, has the universal property of the locally convex direct 
sum: A linear map / : F — > F in a locally convex space F is continuous if and only if 
: Fj — > F is continuous for each i e I. 

It is our goal now to explore differentiability properties of mappings between direct sums. 
Our discussions will hinge on symmetry properties of the maps /t'^l In order to formulate 
these symmetry properties conveniently, we re-order the arguments of f^''^ : U^''^ F, by 
grouping the variables in E together on the one hand, on the other hand those in K. 

^Note that the addition map M^^' — > M, (rj)i£/ i— > is discontinuous with respect to the box 

topology, if / is uncountable. 
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Given topological K- vector spaces E and F and a C""-map f : U ^ F defined on an open 
subset of E, we let U^°^ := U, := /, U^^^ := U^^\ f^^^ := /I^l and define mappings 
y{fe+i} . jj{k+i} ^ F ior k eN, k <r on the sets 

{{x,y,u,v,t) e E^' x E^' x K^'-^ x K^"'^ x K: {x,u,y,v,t) e (C/«)W} 
inductively via 

Lemma 6.8 Given k e N, there exist £ e N, i„ e Nq for v = 1, . . . , 2^= anc? e Nq /or 
// = 1, . . . , 2^^ — 1 mt/i ^/le following properties: 

(a) Given an open subset U of a topological K-vector space E, x — (xi, . . . , X2k) G 
P — ipu ■ ■ ■ )P2fc-i) £ IK^''"'^ anc? t e K^, u;e /lawe {x, tp) e C/''^'^-'^ and only if 

(f^xi, . . .,f^''X2k,t-^'pi, . . . ,r^'2'=-ip2^_i) e [/W . 

(b) For any topological ¥^-vector spaces E, F, any C^-map f:U^F defined on an open 
subset of E, and each {x,p,t) G -E^ x x such that {x,tp) e U^''\ we have: 

f^''\x,tp) = t-' ■ /«(f^a;i, . . .,f^'x2k,t-^'pi, . . . ,r^'^'=-ip2^_i) . (16) 

Proof. The proof is by induction on A; e N. If A; = 1, let xi, X2 & E, p e K, t e . Then 
{xi,X2, tp) e C/W if and only if xi E U and Xi + {tp)x2 — Xi + p{tx2) G U, which holds 
precisely if {xi,tx2,p) e C/W. Assume that {xi,X2,tp) e C/W. If p 7^ 0, we have 

fm{x,,X2,tp) = ^{f{x^ + tpx2) - /(xi)) = |/W(a:i,te2,p). 
By continuity, f^^^{xi, X2,tp) = te2,p) then also holds if p = 0. 

Induction step. Suppose the lemma is correct for a certain A; G No; let £ and be as 

described in the lemma. Suppose further that f:U F is of class C'^'^^. Let x,y E F^*", 
u,v e K^*"^ s G K and t G such that {x,y,tu,tv,ts) G U^''~^^\ If s 7^ 0, we calculate 

f^'^+'^x,y,tu,tv,ts) (17) 
= {f^'yf\x,tu;y,tv;ts) 
= ^ (/^'^(a:, tw) + ts{y, tv)) - f^'Hx, tu)) 
= h {f^'H^ + tsy, t\\u + sv)) - /«(x, t2(i„))) 

= ^[/{*^>(i2»ia;i + i^'i+^syi, . . . , ^^^2^X2* + t^'2k+^sy2k, t'^^^'^Ui + t'^^^svi, 

t"^^2*-i"^'U2'=-i + r^-'2'=-is^;2fc_i) 
-/W(t2^ixi, . . .,t''^>'X2k,t-'^^-'u,, . . .,t-'^^'-^-\2^_,)] 

= WTT{f^'^y'Kt'''X,, . . .J^''2kx2k,t-'^^-'u,, . . . ,r2^2.-l-l«2^_i, 

t'^^+'y^, . . . . . .,t-^^^''-^V2k^,, S) 

= ^f^'+'Ht^'^X,, . . .,t''2kx2k,t''^+%, . . .,^2^+1^2,, 

t-^^'-^ui, . . . , r2^2'=-i-i^,2._i, r'^'i^;!, . . . , r'^2'=-i^2fc_^, «) , 
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where the calculation shows that the argument of the function in the last hne is in U^'^'^^^. 
Here, the induction hypothesis was used to obtain the fourth equality in (17). If s = 0, 
there exists a zero-neighbourhood S* in K such that (x, y, tu, tv, ts') G for all s' £ 5*. 

There exists s' G S \ {0}. By the above, we then have 

t-^^'vi, . . . , r'^2'=-iT;2fc_i, s') e (C/{*^>)W 

and thus {t'^^^xi, . . . , t^^afc^sfc, t"^^i"^Mi, . . . ,t~'^^^'"-^~^U2k_i) e ^/^^^ entailing that 

{t^'^xi, e'^^X2k,t-^^'-^uu t-^'^''-^-^U2k_i,t''''+'yi, f'^'+^y^k, 

t-^^'vi, . . . , t-^^^''-^V2k_i, 0) e (C/«)W 



and hence 



{t^'^xi, e'^^x^k.e'^+^y^, t^'^''+'y2k,t-^^'-W t-2^2'=-i-iii2._i, 

r^^'vi, t-^^^''-^V2k_i, s) e (18) 



with s — 0. By continuity, the first and final term in display (17) also coincide when 
s = 0. To complete the proof of (a), assume, conversely, that x,y E E"^ , u,v E 
s e K and t G arc given such that (18) holds. If s 7^ 0, exploiting the induction 
hypothesis we can go backwards from bottom to top in the display (17), and deduce that 
{x, y, tu, tv, ts) e U^''^^\ Arguing as above, we see that this conclusion remains valid when 
s — 0. Thus (a) and (b) are estabhshed also for k replaced with A; + 1. □ 

The proof shows that we can achieve i — 2'^ — 1 here. 
We are now ready for the main result of this section. 

Proposition 6.9 Suppose that {Ei)i^i and (Fi)^^/ are families of topological K-vector 
spaces indexed by a set I. Let k E Nq U {00} , and suppose that fi: Ui ^ Fi is a mapping 
of class for i E I , defined on an open non-empty subset C/j of Ei. Suppose that there is 
a finite subset J C I such that E Ui and fi{0) — 0, for all i E I\J . Then U :— ©jg/ Ui 
is an open subset of E := ^-^^Ei, and 

f■.= ^f^■.U^F, fiixiUi) := if^ixi)Uj 

is a mapping of class into F := 0jgj Fi. For each j E N such that j < k, identifying 
E^^ with Ef in the natural way, we have 

C/{^> = {{{Xi)ia,p) E E''' X r^-i : (Vi E I) {Xi,p) E U^'^}, and (19) 

f^'Hix^)^a:P) = {f['H^^,P))ieI■ 
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Proof. We may assume that A; e No; the proof is by induction on k. 

The case k — 0. Let x — {xi)i^i e U and F be a neighbourhood of f{x). Then V contains 
a box-neighbourhood B = ^i^j Vi of f{x), where Vi is an open neighbourhood of fi{xi). 
As f~^{V) contains the box-neighbourhood f^^{B) = 0,jg/ /.r^(^j) of 2;, the set f~^{V) 
is a neighbourhood of x. We have shown that / is continuous at x. 

Induction step. Suppose the assertion holds for a given A; G No, and suppose that each fi 
is a mapping of class C^^^. Then / is of class C'', and f^^\{xi)i^i^p) = {f^''\xi,p))i(zi. 
Equation (19) holds for j < k by induction and thus also for j = A; -|- 1, as an immediate 
consequence of the definitions. We claim that f^''^ is of class C^. Let x = (xi)^^/, y — 
{yi)iei e E^" ^ ®i^iEf, u,v e K^"'^ and t e K such that {x,u,y,v,t) e (C/W)[i]. if 
t 7^ 0, we have, by induction, 

+ ty,u + tv) - u)) = (i/f + ty„ u + tv)- /f ^(x,, u))),<,i 

= {f^''^^\xi,yi,u,v,t))ia ■ 

Thus Z^*^^ will be of class if we can show that the mapping 

(;7W)[i] ^ F, {x,u,y,v,t) ^ {f}'^'\x„y„u,v,t))i^i 
is continuous, or, equivalently, that 

g: ^ F, ix,y,u,v,t) ^ (/f y,, ^, W 

is continuous — this is our goal now. We have {0} x K^'-^ C u[^^ for all i e / \ J and all 
j G N such that j < A; + 1, and 

//^■>(0,p) = for all p G K^'-\ (20) 

by a simple induction. Let x = {xi)iei G E^"^' = 0.g^Ef+\ p = (pv)f=i'"^ e K^'+'-i 
such that (x,p) G Pick a real number r > ||p||oo- There is a finite subset Jo C I 

such that J C Jo and such that Xi = for alH G / \ Jo. Let W be an open neighbourhood 
of g{x,p) in F; we may assume that W — where Wi is an open neighbourhood 

of /f'+'^(.x„p) in Fi. For i e I\Jo, we may assume that the zero-neighbourhood Wi is 
balanced. 

Let £ G N, G No for /X = 1, . . . , 2''+'^ and j,. G No for z/ = 1, . . . , 2*^+^ - 1 be as in the 
C'^+^-case of Lemma 6.8. 

For each i G / \ Jo, there exists £j > and an open balanced zero-neighbourhood 
Vi C. Ei such that 

There exists Tj G such that |Ti| > max{l, j:}; set Aj := 11^=1 '^i ''^i- Holding i E I\Jq 
fixed for the moment, let us write r := Tj, for convenience. For all x = {x^)^^i G and 
p = (pi.)^!^/~^ G 5^(0)^'°^^"^, we have r^^x^ G for // = 1,...,2'=+^ and {r'^^'^Pi^l = 
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kr^""^ • \Pu\ < ^ < £i for 1/ = 1, . . . , 2'=+! - 1, i.e., r-^^'^p^ e B,.{0)- Thus Lemma 6.8 (a) 
shows that (x, p) e uj-'^'^^^ and 

= /f+^>(a;,p)=/f+^>(x,r(r-V)) 

using (20) to pass to the second hne and Lemma 6.8 (b) to pass to the third. For each 

i e Jo, on the other hand, by continuity of f}^^^^ there exists an open neighbourhood 

A ^ Ei of Xi and an open neighbourhood of p in ]K^'°'''^~^ such that Ai x Zi Q uf^'^^^ 

and fl''^^^{Ai x Zi) C Wi. Then Z := S^(0)2*+'-i n fl^ejo Zi is an open neighbourhood 

of p in K^*"^^"^. Let A :— 0.^^74^. Then ^4 x Z is an open neighbourhood of {x,p) in 
U{k+i} s^(,i^ i-j^ai- 

g{x,p) e for all (a:,p) e A x Z. 

We have shown that g is continuous at Thus f^''^ is of class and hence also /'^l 

is of class (by the Chain Rule). Hence / is of class C'''^^. Furthermore, f^''+^^ = g is oi 
the asserted form. □ 

Results analogous to Proposition 6.9 for mappings between locally convex direct sums of 
real or complex locally convex spaces have first been established in [22]; the proofs are 
considerably easier in that case. 

Analogues for functions involving pcirameters 

When the ground field K is locally compact. Proposition 6.9 can be generalized to functions 
involving parameters (and its proof simplifies substantially). 

Proposition 6.10 Let (IK, |.|) be a valued field, P ^ ^ be a locally compact topological 
space, {Ei)i(zi and {Fi)i(zi be families of topological "K-vector spaces indexed by a set I, and 
{fi)i£i be a family of continuous mappings fi: Ui x P ^ Fi, where Ui is a non-empty open 
subset of Ei. Suppose that there is a finite subset J C. I such that & Ui and fi{0,p) — 0, 
for alii & I\J and p & P. Then U :— Ui is an open subset of E :— ® Ei, and 

f ■=U X P ^ F, fiixi)iei,p) := ifiixi,p))i^i 

is a continuous map into F :— If IK is locally compact here, P an open subset of 

a finite- dimensional K-vector space Z, and if there exists A; e Nq U {oo} such that fi is of 
class for all i & I , then also f is of class . 

Proof. We may assume that A; e No; the proof is by induction on k. 

The case k = 0. Let x = {xi)i^j E U, p & P, and V he a neighbourhood of f{x,p) 
in F. Then V contains a box- neighbourhood B — Vi of f{x,p), where Vi is an open 
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neighbourhood of fi{xi,p) in Fj. There is a finite subset Jo Q I such that J Q Jo and 

such that Xi = for alH e / \ Jq. For each i e Jo, we find a compact neighbourhood Ki 
of p in P and an open neighbourhood Wi C Ui of Xi such that fi{Wi x JTj) C l^j. Then 
K:=f] i^jg Ki is a compact neighbourhood of p in P. For each i e / \ Jo, we have 

/,({0}xK) = {0}Cl^,. 

Using the compactness of K, we therefore find an open zero-neighbourhood Wi C Ei such 
that fi{Wi X fC) C Vi- Then 1^ := ^^^jWi C f/ is an open neighbourhood of x, and 
/(l^ X K) C B since x fT) C \/j for aU i. Thus / is continuous. 

Induction step. Let IK be locally compact now. A; e N, and suppose that the assertion of 
the proposition holds when k is replaced with k—1. Let P C Z and C'^-maps fi: UiXP ^ Fi 
be given. Then f:U xP— >Fisa C'^^^-map (and thus continuous), by induction. As 

{U X P)W = {{x,p,y,q,t) EiExZYxK: {xi,p,yi, q,t) G (t/^ x P)W for alH G 7 } 
clearly (where x = {xi)i^f, y = {yi)iei), we can define a mapping 

g: {U xP)W -^F, g{x,p,y,q,t) := {ff\xi,p,yi,q,t))ia ■ 
Let us show that / is C^, with /'^l = 5' of class C''"^. Since 

+ + - f(x,p)) = (|(/i(xi + + - Mxi,p))).^j ^ g(x,p,y,q,t) 

for all (a;,p, y, g, t) e {U x P)l^] such that i 7^ 0, it suffices to show that g is of class C''~^. 
Now / being of class C''~^, the map 51 is C''~^ on the set {(x,p, y, 5, e (C/xP)W : i 0}. It 
therefore only remains to show that g is C'^ on some open neighbourhood of {x,p, y, q, 0), for 
all X = (xi) E U, p E P, y = {yi) G E, and q E Z. For each i E I,wc find an open, balanced 
zero- neighbourhood Wi C such that Xi + W^ + Wi C t/j. Then := Xi + Wi C t/j. 
Since yi = for all but finitely many i, we find r E ]0, 1] such that tyi E Wi for alH G 7 
and t E K such that \t\ < r. Pick p E such that \p\ < r; then Bi :— p'^Wi is an 
open neighbourhood of yi, for all i E I. There arc s G]0,r|p|] and open neighbourhoods 
R C P oi p and S C Z oi q, such that P x 5 x P,(0) C pt^J, where 5^(0) C K. Then also 
Ai X Bi X Bs{0) C t/]^^ for each i E I and hence 

Ax Rx B X S X Bs{0) Q {U x P)W , 

where A := 0.^^ Ai C E and P := 0.^^ BiQE. Let Q:^Rx S x 5^(0); then 

/ij: {Ai X Bi) X Q ^ F, hi{xi,yi,p,q,t) := fl^\xi,p,yi,q,t) 

is a C'^^^-map, for each i E I. Furthermore, /ii|{o}xQ = for alH G / \ J. Define 

h: {Ax B) X Q ^ F, h{x,y,p,q,t) := {hi{xi,yi,p, q,t))i(.j = g{x,p,y,q,t) . 

Here Ax B (1 E x E = 0jg/(Pi x Ei), and Q is an open subset of the finite-dimensional K- 
vector space Z x Z x K, which is locally compact since so is K. By the induction hypothesis, 
h is of class C''~^. Hence g is C''~^ on the open neighbourhood A x P x P x 5" x 5^(0) of 
{x,p, y, q, 0), which completes the proof. □ 
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Remark 6.11 Let K be R or a local field, n e N, and G := Diff^(K")><5Aff(K") be the 
group of all smooth diffcomorphisms of K" which coincide with an afiinc isomorphism of 
outside some compact set. Using Proposition 6.10, it is possible to make G a K-Lie group 
modeled on the topological K-vector space G^(K^,K"-) x aff(]K"). We omit the proof. A 
more profound application of Proposition 6.10 will be given in Theorem F.23 below. 

7 Weak direct products of Lie groups 

The considerations in Section 6 make it possible to construct Lie group structures on weak 

direct products of Lie groups. 

Proposition 7.1 Let {Gi)i^j be a family of Lie groups over a valued field {K, |.|). Then 
there exists a unique "K-Lie group structure on 

nle/ {i.9i)iei e Iliei ^i- 9i^^ for all but finitely many i } , 

modeled on @i^iL{Gi), equipped with the box topology, such that, for certain charts Ki : 
Ui ^ Vi L{Gi) of Gi defined on an identity neighbourhood Ui C Gi and taking 1 to 0, 
the mapping 

is a diffeomorphism of smooth K-manifolds onto an open subset ofYU^i ^ f 

Proof. Using Proposition 6.9 instead of [22, Prop. 7.1], the proof of [22, Prop. 7.3] (devoted 
to weak direct products of real or complex Lie groups modeled on locally convex spaces) 
carries over to the present situation (see [27, Thm. 18.1] for further details). □ 

The following observations are immediate from the construction of the Lie group structure 
on weak direct products and obvious properties of direct sums of topological vector spaces: 

Lemma 7.2 Let K be a valued field. 

(a) If{Gi)i^j is a family of 'K-Lie groups and {Hj)i^i a family of open subgroups C G^, 
then YVi£i^i '^^ '^^ open subset of Y[*^j G^. The smooth manifold structure making 
YU^j Hi an open submanifold o/n*^^ Gi and the manifold structure on the weak direct 
product of Lie groups Hie/ coincide. 

(b) Assum,e that I is a set, Ji a finite set for each i & I, and K := {(«, j) : i & I,j & Jj}. 
Let {Gij)(i^j)^K be a family of K-Lie groups. Then the mapping 

Yi*{i,k)eK^ij ~^ I{*i^i{Y{jeJi ^ij)' i9ij){i,j)eK ^ {{9ij)jeJi)i^i 
is an isomorphism of K-Lie groups. 

(c) // {Gi)i(=i and {Hj)j^j are families of K-Lie groups, n : J I is a bisection and 
pj : G'^(j) — s> Hj an isomorphism of K-Lie groups for each j G J, then also the map 

n*g/ Gi ITjeJ Hj , i9i)iei ^ {Pji9Aj))) jeJ 
is an isomorphism of K-Lie groups. □ 
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8 Spaces of test functions and mappings between them 

In this section (and in Section 10), we study differentiability properties of mappings be- 
tween spaces of vector- valued test functions on paracompact finite-dimensional manifolds 
over locally compact ground fields. First, we collect some properties of such manifolds. 

Paracompact finite-dimensional manifolds over locally compact fields 

Throughout this subsection, F is a (non-discrete), locally compact topological field, and 
r e NqU {oo}. 

Paracompact manifolds over locally compact fields are amenable to investigation due to the 
following well-known fact (see [16, Thm. 5.1.27]): For every paracompact, locally compact 
topological space X, there exists a cover {Xi)i^i of X by mutually disjoint, cr-compact, 
open (and closed) subsets Xi C X (and thus X — Yiiei-^i)- ^ special case, we obtain: 

Lemma 8.1 Every paracompact, finite- dimensional C^-manifold M is a disjoint union 
M — Wi^i^i of a family {Mi)i^j of a-compact, open {and closed) submanifolds C M.D 

8.2 If F is a local field, we fix the following notation: |.| is an ultrametric absolute value 
on F defining its topology, O the maximal compact subring of F, and vr G F^ a uniformizing 
element (thus |7r| < 1 and |F^| = (|7r|)). Given G N, we let ||«||oo be the maximum norm 
on F''. Given a e and £ > 0, Bs{a) := {y e : \\y - a\\oo < £} denotes the baU with 
respect to the maximum norm. Then B :— O*^ is an open compact O-submodule of F*^, 
and it is easy to see that each ball B^{a) is of the form a + n^B for some /c e Z and thus 
C^-diffeomorphic to B. If M is a (i-dimensional F- manifold of class C^, we call an open 
subset of M a hall if it is C^-diffeomorphic to B. It is clear that every point a; G M is 
contained in some ball. To avoid misunderstandings, the balls -Be (a) C F'^ will occasionally 
be called metric balls now. 

The following lemma assembles various useful facts concerning paracompact manifolds over 
local fields (cf. also [50]). 

Lemma 8.3 Let ¥ be a local field, r G Nq U {oo}, and M be an C^-manifold over ¥, of 
positive, finite dimension c? G N. Then the following holds: 

(a) If M is a-compact, then M is C^-diffeomorphic to an open subset U CW^. 

(b) If M is paracompact, then M is a disjoint union M = Y[i^i Bi of a family {Bi)i^i of 
compact and open balls Bi C M. 

Proof, (a) Since M is (j-compact, there exists a sequence {Bk)kQfq of balls covering M. We 
set Ji := {Bi}. Suppose that we have found an open cover of IJj=i by disjoint balls 
for A; = 1, . . . , n, such that Ji C J2 C • • • C J„. Let ip : — > S be a Cp-diffeomorphism 
onto B := O'^. Then R := \ ((J J„) = \ (Ufc=i ^k) is an open, compact subset 
of Bn+i and thus ip{R) is an open, compact subset of B. As ip{R) is open and compact. 
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there exists e e ]0, 1] such that ip{R) + ^^(O) C il>{R). Since B^{0) is an open subgroup 
of the compact additive group B, we deduce that t/j{R) is the disjoint union of a finite 
number of balls B^{ai), ■ ■ ■ , B^[am) (i-c, cosets of i?£(0)), for some m G No and elements 
ai, . . . , e -B. Then J„+i := Jnyj{ip~^{Bs{ai)) : i = 1, . . . , m} is an open cover of -Bn+i by 
mutually disjoint balls, and Jn C J„_|_i by definition. Proceeding in this way, we obtain an 
ascending sequence Ji C J2 C • • • , where each J„ is an open cover of Ufc=i by mutually 
disjoint balls. Thus J := IJfceN -^k is a countable cover of M by mutually disjoint balls. 
Choose an injection k : J ^ N. For each ball Cj := j G J, there exists a Cp-diffcomorphism 
(f)j : Cj 7r-''(^) +5 C F'^. Then U := Ujej(^~''^^^ +^) ^P^^ ^^^^^^ ^''^ ^he union 
defining U is disjoint, because \7i~'^^^^ + x\ = max{|7r~'*'^-'^|, |a;|} = |7r~^'^-'^| = |7r|~'*'^-'^ for 
each j E J and x E B. Hence := JJ^^j 0j : M — > [/ (the map determined by (f)\cj — 4>j) 
is a CJ-diffeomorphism. 

(b) By Lemma 8.1, M is a disjoint union M — Yii^i of cr-compact, open and closed 
submanifolds Mj. The proof of (a) shows that each Mj is a disjoint union Mj = Ujgj ^1,3 
of a countable family {Cij)j(zj- of baUs Cij C Mj. Set K :— : i & I,j & Ji}. Then 

M = Y[{ij)eK ^ disjoint union of balls. □ 

If U is an open subset of F'^, we can even find partitions into metric balls subordinate to 
any given open cover: 

Lemma 8.4 Suppose that ¥ is a local field, d eN and U CW^ a non-empty, open subset. 
Let {Ui)i^i be an open cover ofU. Then there exist families {rj)j^j and {aj)ji=j of positive 
real numbers rj > 0, resp., elements aj G U, indexed by a countable set J, such that 
{Bj. {aj))j(zj is an open cover of U by mutually disjoint sets and furthermore the open 
cover {Brj{aj))j(zj is subordinate to {Ui)i^i, viz. for every j G J, there exists i{j) G / such 
that Br^{aj) C Ui^j). 

Proof. Since U is o"-compact, we find a sequence {Bk)ken of metric balls covering U and 
which is subordinate to (f/j)jg/: For each /c G N, there exists ik & I such that Bk C Ui^,. 
Adapting the proof of Lemma 8.3 (a) in the obvious way,^ we arrive at a countable cover 
J = UfcGN Jk of U by mutually disjoint metric balls, such that all balls C G Ji are subsets 
of Bi C C/j(i) and all balls C G Jk+i \ Jk are subsets of Bk+i C Ui^^^ . □ 

Locally finite, relatively compact, open covers can always be thickened. 

Lemma 8.5 Let ¥ be a locally compact field, M be a paracompact, finite- dimensional Cp- 
manifold, and {Ui)i^i be a locally finite cover of M by relatively compact, open subsets 
Ui C M . Then there exists a locally finite cover {Ui)i<^j of M by relatively compact, open 
subsets Ui C M, such that for each i E I the closure Ui of Ui in M is contained in Ui. 

Proof. To reduce the assertion to the cr-compact case, we first observe that Ui is cr- 
compact, for each i G / (using that Ui can be covered by finitely many balls). We now 

^Thus, we choose each (p of the form (f){z) = az-\-b with suitable o e , 6 e F''. 
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write i ~ J for J e 7 if and only if there exists n e N and ki, . . . ,kn G / such that 
ki = i. kn = j and Uk^ fl f/^^+i ^ ^ ^ — ^, ■ ■ ■ ,n — 1. Then ~ is an equivalence relation. 
Since {Ui)i^i is a locally finite cover and each Ui is relatively compact, we deduce that each 
equivalence class C ^ 1 j =: J is countable; hence 

Mc := U Ui 

iec 

is a (j-compact open subset of M. By construction, M — Ucg j is a disjoint union of 

the open (and hence also closed) sets Mq. Since {Ui)i^c is a countable, locally finite cover 
of Mc by relatively compact, open sets, it suffices to prove our assertion for countable 
covers of the M^'s. We may hence assume that M is cr-compact and that / is countable. 
If / is finite, then M is compact and the assertion is trivial. Thus / = N without loss of 
generality. 

To construct a suitable open cover {Un)n&-i choose a sequence {Kn)nm of compact subsets 
Kn Q M such that [j^^^Kn = M and such that is contained in the interior (Kn+i)^, 
for each n E N. Define K_i :— Kq :— for convenience of notation. Then :— {n E N : 
(Km \ {K^_i)^)r\Un 7^ 0} is a finite set, for each m G N, because also the sequence {Un)nm 
of the closures is locally finite. Also J„ := {m G N: n G Im} is a finite set for each n G N: 
indeed, there is mo G N such that t/„ C Kmo', then [/„ C (7^"^)° for all m > tuq + 1 and 
thus Un n [Km \ (Kjn-i)^) = for all m > mo + 2, entailing that m ^ Jn for all m > mo + 2. 
For each m G N and n G Im, the set Vm '■— {Km+i)^ \ Km-2 is an open neighbourhood of 
Un n {Km \ which is contained in K^+i and therefore relatively compact. We set 

Un '■— UmGJn ^^^^ ^ relatively compact, open neighbourhood of Un- Given n, m G N, 
we have Km H Un = Um'GJ„(-^™ ^ Vm'), where Km H Vm' = unless m' < m + 2. Let 
m' < m + 2. If m' G Jn, then n G Im'- Thus Km H ?7„ = unless n G Um't^i ^m', which is 
a finite set. It now readily follows that the open cover {Un)n£N of M is locally finite. In 
fact, given any x G M we find m G N such that K^ is an open neighbourhood of x. By 
the preceding. Km (and hence K^) only meets Un for finitely many n. □ 

Cut-offs and partitions of unity on finite-dimensional real manifolds are standard tools. To 
enable unified proofs, we now discuss analogous concepts also over local fields. 

Definition 8.6 Let F be a local field. A C^-partition of unity of a finite-dimensional Cp- 
manifold M is a family {hi)ii=i of continuous mappings hi: M ^ {0, 1} C F, such that the 
open and closed sets h^^{{l}) are mutually disjoint and cover M. 

Note that, being locally constant, each hi is actually Cp. 

Lemma 8.7 Let M be a a-compact Cf-manifold over a local field ¥, and {Ui)i(zi he an 
open cover of M. Then there exists a partition of unity {hi)i^i such that supp(/ij) C Ui. 

^^Every x € M has an open neighbourhood U such that {n € N : f7„ fl f/ ^ 0} is finite. The set U being 
open, we have {n e N: C/„ n ^ 0} = {n e N: n ^ 0}. 



48 



HELGE GLOCKNER 



Proof. The assertion is trivial if dim(M) =0. If d := dim(M) > 0, by Lemma 8.3 we 

may assume that M is an open subset of F*^. Let {Brj{aj))j^j and for j' e J be as in 
Lemma 8.4. The family of balls being locally finite, the open sets Vi := IJjeJ j(i)=j (%) — 
Ui are also closed. For each i E I, define /ij : M — >• F via hi{x) := 1 G F if a; e V^, hi{x) := 
otherwise. Then {hiji^i is a partition of unity with the desired properties. □ 



Lemma 8.8 Let ¥ he a local field, M be a finite- dimensional C'^-manifold, K C M be 
compact, and U C. M be an open subset containing K . Then there exists a C^-function 
/i: M ^ {0, 1} C F such that h\K = 1 and h\M\u = 0. 

Proof. As each element x E K is contained in some open and compact ball C [/, 
exploiting the compactness of K we find finitely many open and compact balls Ci, . . . , C„ C 
U such that K C (J^^^ —■ W. Then W is an open and closed neighbourhood of K such 
that W C U, and hence /i : M — > F, h{x) :— 1 ii x E W, else h{x) := is a function with 
the desired properties. □ 



Topologies on spaces of vector-valued test functions 

For the remainder of this section, F denotes a locally compact, non-discrete topological 
field, and K a topological extension field of F, whose topology arises from an absolute 
value |.| : K ^ [0, oo[. We let r e Nq U {oo}. 

Definition 8.9 Given a paracompact Cp-manifold M, modeled on a finite-dimensional 
F-vector space Z, and a (Hausdorff, not necessarily locally convex) topological K-vector 
space E, we let 

C^(M, E) := {7 e C"^(M, E) : supp(7) is compact } 

be the set of compactly supported valued Cp-functions on M. Then Cl{M, E) is a K- 
vector subspace of C"^(M, E), and C^(M, E) = {jKeic{M) Ck{M, E), where /C(M) denotes 
the set of all compact subsets of M. In the following, we consider three vector topologies 
on Q(M, E): 

(a) We write Cl{M, £')tvs for Cl{M, E), equipped with the finest (a priori not necessarily 
Hausdorff) vector topology making the inclusion maps Xk'- Cl^{M,E) — > ^^{M^E) 
continuous for each compact subset K C M. Thus Cl^{M, E)t^s = limC]^(M, £^) in 
the category of not necessarily Hausdorff topological K-vector spaces and continuous 
K-linear maps. 

(b) If E is locally convex, we write C^{M, E)icx for C^{M, E), equipped with the finest (a 
priori not necessarily Hausdorff) locally convex vector topology making the inclusion 
maps Xk ■ C'^k{M, E) — > Cl{M, E) continuous for each compact subset K C M. Thus 
Cl{M,E)ic^ = \\m.C]^{M,E) in the category of not necessarily Hausdorff, locally 
convex topological K-vector spaces and continuous K-linear maps. 
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(c) Given a locally finite cover U — {Ui)i^i of M by relatively compact, open subsets^^ 
Ui C M, we let pi : Cl{M, E) C^iUi, E) be the restriction map for i e 7 and define 

pu: Cl{M,E) ^ C\U,,E), pu{i) := {Pr{l))ra = {l\udra ■ 

We write C^{M, i?)box for Cl{M, E), equipped with the topology Ou induced by pu, 
where the direct sum is endowed with the box topology. 

Lemma 8.10 In the situation of Definition 8.9 (c), assume that hothU = {Ui)i^i and V — 
{Vj)j^j are locally finite covers of M by relatively compact open subsets. Then Ou — Oy. 
In other words, the box topology on C^{M,E) is independent of the choice ofU. 

Proof. The topologies Ou and Ov are induced by pu : Cl{M,E) 0.^^ C'XUi,E), 
Pu{l) ■■= {l\ui)iei and p^: Cl{M,E) ^.^j C''{Vj,E), pv(7) := {'f\vj)jeJ, respectively 

8.11 Given i e 7, the set Jj := {j E J : UiHYj 0} is finite, as Ui is relatively compact 
and V is a locally finite cover. By Lemma 4.12, the topology on C^(Ui,E) is initial with 
respect to the family {pi,j)jeJi of restriction maps 

Pij : C'iUi, E) ^ C^(C/, n F„ E), := 7|c/,ny, • 

Likewise, the set Ij := G 7 : f/j fl V,- 7^ 0} is finite for each j G J, and the topol- 
ogy on C^iVj^E) is initial with respect to the family {I'jijiei- of restriction mappings 
uj,f.C'{Vj,E)^C^{UinVj,E). 

8.12 Let Pi J be an open 0-neighbourhood of {Ui D Vj , E) , for any i E I, j E Ji. Then 
'■— r\jeJi l^ij(^hj) open 0-neighbourhood in C^{Ui, E) for each i E I and thus 

is an open 0-neighbourhood in 0jgj C^{Ui,E). It is clear from the preceding that the 
set B of such open 0-neighbourhoods P is a basis for the filter of 0-neighbourhoods of 
0jg7 C^'{Ui, E), and hence {Pu^{P) : P E B} is a basis for the filter of 0-neighbourhoods 
of {Cl{M,E),Ou). 

To see that Ou — Oy, it suffices to show that Ou Q Oy (as we can interchange U and V). 
Since both Ou and Oy are vector topologies, we only need to show that W G Oy for W 
ranging through a suitable basis of open 0-ncighbourhoods of (C^(M, 7?), Ou\ It therefore 
suffices to consider W := Pu^{P) ior P E B as in 8.12. Set Qj := f]-^j. i^J^l{Pi,j) for j E J; 

^^Such a cover always exists because M is locally compact and paracompact. 
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then Q := ®j^jQj is an open 0-neighbourhood in 0^.^^ ^{Vj.E). For 7 e Cl{M,E), 
we have 

^eW^p^\P) ^ Pu{i)eP ^ (Vi e /) 7|c;^ e 
<^ (Vi e 7) (Vi e J^) 7|[/,ny,- e P^j 
^ (Vj e J) (Vi e 7lc7,nv, e^i 
^ (Vj e J) 7|y, e Q,- ^ pv(7) e Q ^ 7 e PvHQ) ■ 

Thus = Py^{Q) G which completes the proof. □ 



Proposition 8.13 Let M be a paracompact Cf-manifold, modeled on a finite- dimensional 
¥ -vector space Z , and E he a topological K-vector space. Then the following holds: 

(a) The box topology on C^{M, E)]^ox is Hausdorff. For every locally finite cover U = 
{Ui)i^i of M by relatively compact, open subsets Ui C M , the map 

Pu:Cl{M,E\,^ ^ C^{U,,E), ^(7) - (7!^;,),^/ 

has closed image, and pu\™'^ is an isomorphism of topological vector spaces. The 
inclusion map C^(M, i?)box C^{M,E) is continuous. If E is locally convex, then 
Cl{M,E\o:^ is locally convex. 

(b) The inclusion map '■ C^{M,E) Cl{M, E)i,ox is continuous and induces the 
given topology on Cl^{M, E), for each compact subset K C M. 

(c) The map^: Cl{M, E)^^ Cl{M, E\ox, $(7) := 7 ^s continuous. Thus Cl{M, E\^^ 
is Hausdorff and induces the given topology on each C^j^{M, E) . IfW^C and M is 
a-compact, then $ is an isomorphism of topological K-vector spaces. 

(d) If E is locally convex, then : C^(M, E)icx Cl{M,E\o^, ^(7) := 7 is continuous. 
Hence Cl{M,E)\c^ is Hausdorff and induces the given topology on each C^{M, E) . 
// F 7^ C and M is a-compact, then ^' is an isomorphism of topological K-vector 
spaces. 

(e) If ¥ is a local field and U = {Ui)i^i is a cover of M by mutually disjoint, compact 
open sets {cf. Lemma 8.3 (b)), then 

pu:Cl{M,E)^,^ ^ C^{U,,E), ^(7) := (7]^;,),^/ 

is an isomorphism of topological vector spaces onto the direct sum, equipped with the 
box topology. 

(f ) If W is a local field and E is locally convex, then is an isomorphism of topological 
vector spaces, i.e., C^{M, E)icx — C^{M, £^)box- 
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In particular, C^{M, £;)box = Cl{M, E)tys = Cl{M, E)i^^ if¥ and M is a-compact. 

Proof, (a) Let U = {Ui)i<zi be a locally finite cover of M by relatively compact, open sets. 
The box topology on 0.^^ C"'([/i, E) being Hausdorff and pu : C;(M, E) 0.^^ C"'(?7i, E) 
being injective, the topology Obox induced by pu on Cp(M, E) is Hausdorff and pwp™''" is 
an isomorphism of topological vector spaces. The box topology on S := 0jg/ C^{Ui,E) 
is properly finer than the topology induced by the product P := Yliei ^"^{^ii^)- The 
map r: C^{M,E) — >• P, r(7) := {'j\ui)i£i is a topological embedding with closed image, 
by Lemma 4.12. This entails, firstly, that the inclusion map C^(M, £')box — ^ C"'(M, £") is 
continuous. Secondly, it entails that im(T) fl 5" is closed in S. Note that r(7) e 5" imphes 
that supp(7) is compact, i.e., 7 G Cl{M, E). Thus im{pu) = im(r) fl S* is closed in S. If E 
is locally convex, then each of the spaces C^{Ui, E) is locally convex (Proposition 4.19 (b)), 
whence so is the direct sum 0jg7 C^{Ui,E) (see 6.4) and hence so is Obox- 

(b) Let K C M he compact. For U = {Ui)i^i as before, there exists a finite subset 
J C / such that t/^ n = for aU i e / \ J. Thus K C J.^^ Ui =: W. Then the 
composition /: C^(M, E) 0.^^ C"'(C/i, E) of the maps 

c],(M,£;) ^ c],(w^,£;) ^ c"-(w-,£;) ^ 1[c^{u„e) ^ c"-(c/„£;) 

is a topological embedding, where the first map and the coordinate functions of the second 
map are the respective restriction maps (see Lemma 4.24 and Lemma 4.12), and the last 
map is inclusion (see 6.3). Since f — pu ° ^k, where pu is a topological embedding, we 
deduce that also is a topological embedding. 

(c) Since : C^(M,£;) Cl{M,E)^^^ is continuous for each K e /C(M), our def- 
inition of C^(M, £')tvs shows that the topology on C^{M, E)tvs is finer than the one on 
Cl{M, -E')boxj and thus $ is continuous. Since A^: C'^k{M, E) — > Cl{M, -E')tvs is continuous 
as a map into C^{M, -E)tvs and $ o A^: Cxi^y ^) ~^ Cl{M, i?)box is a topological embed- 
ding by (b), also \k '■ Cl^{M, E) — * Cl{M, E)tvs is a topological embedding. 

We now assume that M is cr-compact, and we assume that F is not isomorphic to C as 
a topological field; then F is a local field or F = M (see [78]). We have to show that 
C^(M, -B)box = lim C^(M, E) in the category of topological vector spaces, with limit maps 
Ax : C'^{M, E) — > Cl{M, -E')box- We already know from (b) that each A^- is continuous; 
thus {C^{M, i?)box, {^K)Keic{M)) is a cone in the category of topological K-vcctor spaces and 
continuous K-linear maps. To sec that it is a direct limit cone, suppose that (fK)Keic{M) is 
a family of continuous linear maps fx '■ C^j^{M, E) ^ F into a topological K- vector space F 
such that /l|c]^(m,e) = fx whenever K C L. Then /: C^(M, ^)box ^ F, f{j) := fxi-f) 
if supp(7) C K is well-defined and is the unique hnear map Cl{M, -E')box — F such that 
/ o Ax = /x for each K. To establish the desired direct limit property, it only remains to 
show that / is continuous. 

Let lA = {Ui)ii=i be as before; M being cx-compact, we may assume that / is countable. 
We pick a Cp-partition of unity {hiji^i of M such that supp(/ii) C Ui for each i & I 
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(see Lemma 8.7 when F is a local field; the real case is standard). Since Ui is relatively 
compact, Ki := supp(/ij) C Ui is compact. Let Cj : C]^^{Ui,E) C^_{M,E) be the 
isomorphism of topological vector spaces which extends functions by (cf. Lemma 4.24). 
Then gi : C^{Ui,E) F, gi := o Cj o ni^. is a continuous linear mapping, where /^/j. : 
C^iUi, E) CJ^.{Ui, E) is the multiplication operator defined via (J^hiil) '■= hi\ui -7, which 
is continuous linear (in view of Lemma 1.15 and Lemma 4.12, applied with a cover of co- 
ordinate neighbourhoods, this assertion can be reduced to Lemma 4.5). By the universal 
property of the countable direct sum S := C^{Ui, E) (see 6.5), the linear map 



(where 7^ G C''{Ui,E)) is continuous, because so is each gi. Given 7 G C^{M,E), we 
calculate 5'i(7|c/J = fi^iihilui ■ l\uj) = fieiUhi ■ 7)|c/J) = f{hi ■ 7), whence g{pu{l)) = 
T^idi 9i{l\ui) = EiG//(^i ■ 7) = fiT^idihi ■ 7) = /(7)- Thus g o = f, and so / is 
continuous on C^{M, £')box, as required; the direct limit property is fully established. 

(d) Since Cl{M, -E)box is locally convex for locally convex E (see (a)), we can repeat the 
proof of (c) , except that topological vector spaces have to be replaced with locally convex 
spaces. 

(e) By the definition of the box topology, pu is a topological embedding. Each of the 
sets Ui being compact and open, given (7j)je/ ^ ©ie/ C^{Ui,E) the map j : M ^ E 
defined via j{x) := 'ji{x) for x G Ui is Cf and compactly supported. Thus 7 G C^{M, E), 
and pu{^) = {^i)iei by definition of 7. Thus pu is also surjective, and thus pu is an 
isomorphism of topological vector spaces. 

(f) Assume that / : C^ (M, £')box ^ -P is a linear map into a locally convex topo- 
logical K- vector space F such that / o is continuous for each K G /C(M). Let 
U — {Ui)i^i be as in (e). Then (m,e) is continuous in particular for each i E I, 
and hence so is gi ■= f o a : C'^U^E) F, where : C'^{Ui,E) Clj^{M,E) is the 
isomorphism of topological vector spaces obtained as the inverse of the restriction map 
C^.(M, E) CiUi, E) (see Lemma 4.24). Since the box topology makes 0.^^ C"'(t/i, E) 
the category-theoretical locally convex direct sum in the present situation (see Remark 6.7), 
the map g: 0.^^ C"'(C/j, E) F, g{{'^i)ia) — Hiei9i{li) is continuous linear. Hence also 
f — g o pk is continuous. □ 



Convention 8.14 Throughout the following, spaces of vector- vahied test functions will 
always be equipped with the box topology, and we abbreviate Cc{M, E) := C^{M, £')box- 

Remark 8.15 If F = IK = M, M is cr-compact and E is locally convex, then the box 
topology on Cl{M,E) coincides with the locally convex topology traditionally considered 
on this space of test functions, by Proposition 4.19 (d) and Proposition 8.13 (d). 
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Remcirk 8.16 As we shall mainly need spaces of test functions with values in locally 
convex spaces over local fields in the following (for example, in our discussion of diffeomor- 
phism groups), we have chosen to work with the box topology, which is the appropriate 
topology on C^(M, £") in this case, even for non-cr-compact M (see Proposition 8.13(f)). 
If M is a non-(T-compact, paracompact finite-dimensional manifold over R and E a real 
locally convex space, it is certainly more natural to work with the (finer) locally convex 
direct limit topology on C^{M,E), and study differentiability properties of mappings be- 
tween spaces of test functions topologized in this way. We did not find it advantageous 
(nor necessary) to discuss this situation in parallel here; the interested reader can find a 
separate discussion in [32] and [33] (cf. also [57]). 

Remark 8.17 Spaces of compactly supported sections in vector bundles can be treated 
much in the same way as spaces of test functions. However, the only vector bundles we 
shall really have to work with in our Lie group constructions (of diffeomorphism groups) 
are the tangent bundles of paracompact finite-dimensional smooth manifolds M over local 
fields K. Since any vector bundle over such a manifold M is trivial (as a consequence of 
Lemma 8.3 (b) and Lemma 8.4), it is not necessary for our purposes to introduce the addi- 
tional machinery required to discuss spaces of sections and vector bundles, and so we de- 
cided to defer their discussion to an appendix (Appendix F). The only facts we shall really 
use are the following: 1. For each paracompact, finite-dimensional C^-manifold M and dis- 
joint cover {Bi)i^i by open and compact balls, the map Cl{M,TM) — > ^■^jC'^{Bi,TBi), 
^ {(^\Bi)iei is an isomorphism of topological vector spaces (Proposition F. 19(e)). 2. If 
K : M — s> 5 is a Cj^-difFeomorphism from a rf-dimensional C£-manifold M onto a metric 
ball B C K'^, then C^(M, TM) C^{B, W^), a ^ {x^ (dKi) oao k'^) is an isomorphism 
of topological K- vector spaces (cf. Lemma F.9 and Lemma 4.9). 

Patched topological vector spaces and patched mappings 

To formalize the situation encountered in Proposition 8.13 (a), we now introduce the notion 
of a "patched" topological vector space. Roughly speaking, this is a topological vector 
space, together with an embedding into a direct sum. We then discuss differentiability 
properties of mappings between patched topological vector spaces. The general results 
obtained here shall allow us to transfer our discussion of pushforwards to the case of test 
functions (Proposition 8.22). We shall also derive certain very convenient criteria ensuring 
differentiability properties for mappings between spaces of test functions (Section 10). 

For analogous discussions (and applications) of "patched locally convex spaces" based on 
locally convex direct sums, we refer to [32] and [33]. 

Definition 8.18 A patched topological vector space over a valued field (K, |.|) is a pair 
{E, {pi)i^i), where ii^ is a topological K- vector space and {pi)i£i a family of continuous 
linear maps pi'. E ^ Ei to certain topological vector spaces E^, such that 

(a) For each x & E, the set {i e / : Pi{x) ^ 0} is finite; 
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(b) The linear map 

p: E ^ ^ Ei, {Pi{x))ia = ^Pi{x) 

from E to the direct sum Ei (equipped with the box topology) is a topological 
embedding; 

(c) The image p{E) is sequentially closed in ^-^j E^. 

The mappings pi: E ^ Ei are called patches, and the family {pi)i^i is called a patchwork. 
Wc retain the notation introduced earlier in this section. 

Example 8.19 Let M be a paracompact, finite-dimensional C^-manifold over F (where 
r G No U {cxo}), and be a topological K- vector space. Let (f/i)jg/ be a locally finite open 
cover of M by relatively compact, open subsets Ui <^ M and pi : C'^{M,E) — >• C^{Ui,E), 
Pi (7) '■— l\ui be the restriction map for i e 7. Then 

{C:{M,E),{p,),a) 
is a patched topological vector space, by Proposition 8.13 (a). 

We now discuss mappings between open subsets of patched topological vector spaces. 

Definition 8.20 Let (E, {pi)iei) and {F, (q'i)ig/) be patched topological K-vector spaces 
over the same index set /. Let p : E ^ ©ie/ q : F ^ ©ie/ be the canonical 

embeddings. 

(a) A map f : U ^ F, defined on an open subset U of E, is called a patched mapping if 
there exists a family {fi)i^i of mappings fi'.Ui^ Fi on certain open neighbourhoods 
Ui of Pi{U) in Ei, which is compatible with f in the following sense: we have e C/j 
and /j(0) = for all but finitely many i, and qi{f{x)) — fi{pi{x)) for all i & I, i.e., 

?o/ = (©/,)op|®^^ 

(b) Given A; e No U {00}, we say that a patched mapping f:U — > F as before is of class 

on the patches if all of the mappings fi in (a) can be chosen of class C^. 

Proposition 8.21 Let {E, {pi)i^i) and {F, {qi)iei) be patched topological K-vector spaces 
over the same index set I. Assume that f : U F is a patched mapping from an open 
subset U C. E to F. If f is of class on the patches, then f is of class C^. 

Proof. Let pi: E ^ Ei and qi: F ^ Fihe the patches of E, resp., F. If / is of class on 
the patches, then there exists a family {fi)i^i of C|^-maps fi'.Ui^ Fi, which is compatible 
with /. By Proposition 6.9, the map g := ®i^ifi : ®i^iUi ®i^iFi, giY^i^i^i) := 
Y^i^ifi{ui) is of class C^. The hnear map p : E ^ ^^^J Ei, p{x) := ^i(,jPi{x) being 
continuous, the composition g op\®^' is C^. But g op\^^* — qo f^ where q: F ^ 0jp/-^i, 
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Q{y) — T,i(^iQi{y), since g{p{x)) = J^i^i MPii^)) = Eie7?'(/(^)) = ?(/(^)) all x e C/. 
By the preceding, the map qof is of class C^. Its image being contained in the sequentially 
closed vector subspace Q := img of ©j^j Fi, Lemma 1.15 shows that also the co-restriction 
(go/) 1*3 is of class C^. As q\^ is an isomorphism of topological vector spaces (by the axioms 
of a patched topological vector space), we see that also / = {q\^)~^ o {q o f)\^ is C^. □ 

Example: Pushforwards of compactly supported functions 

We now establish an analogue of Proposition 4.20 for pushforwards between spaces of 
test functions. The idea is to use the technique of patched topological vector spaces to 
reduce the assertion to Proposition 4.23 (a). A further generalization to mappings between 
spaces of compactly supported sections in vector bundles is provided in Appendix F (the 
"f2-Lemma with parameters"). In the real locally convex case, stronger and much more 
refined results are available: see [32]. 

Proposition 8.22 Let E, F and Z^he topological K-vector spaces, U C E an open zero- 
neighbourhood, r,k G No U {oo}, M be a ]K-manifold of class C^'' modeled on Z, and 
f : M X U — >F be a mapping of class C^'^ . Let M be a paracompact, finite- dimensional 
¥ -manifold of class CJ. Given a mapping a : M ^ M of class C^, we define f :— 
/ o ((7 X id;/) : M X U — > F. We assume that there exists a compact subset K C. M such 
that f{x, 0) = for allxeM\K. Then Cl{M, U) := {7 G C;(M, E) : -f{M) C U} is an 
open subset of Cl{M, E), equipped with the box topology, and 

f.:C:(M,U) ^ C:{M,F), f.{^){x) := f{x,^{x)) 

is a mapping of class C^. 

Proof. There exist locally finite covers V := (V^)ie/ and U :— {Ui)i^i of M by relatively 
compact, open sets (resp., C/^), such that :— Vi C Ui for alH G / (cf. Lemma 8.5). 

To see that Cl{M, U) is open in Cl{M, E), note that [Ki, U\r C CiUi, E) is an open 0- 
neighbourhood, and thus Q := ®jg/ [-ft'i, U\r is an open 0-neighbourhood in C^{Ui, E) 
By definition of the box topology on C''{M, E), the map pu : Cl(M, E) 0.^^ CiUi, E), 
Puijl) •= {'n\ui)iei is continuous. Hence p^^{Q) is an open 0-neighbourhood in C^{M,E). 
Since 

Pu\Q) = { 7 e C:{M, E) : {Ml G /) -i{K{) C } , 

where M = Uie/^i> we have Pu\Q) = Cl{M,U). Hence Cl{M,U) is an open 0- 
neighbourhood, as required. 

To see that f^ is C^, we shall exploit that {Cl{M, E), {pi)iei) and (C^(M, F), {Tiji^i) are 
patched topological vector spaces, with the patches 

p,:Cl{M,E)^Cl{Ui,E), ^(7) tIc/, and 
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respectively (see Example 8.19). The map fi := f\uixu '■ Ui x U — > F being of the form 
/ o ((t|[/. X idt/), the pushforward 

[Ki,U\r^C'-{Vi,F) 

is C£ on the open subset [Ki,U\r Q C'^{Ui,E), by Proposition 4.23(a) (applied with a 
singleton parameter set P). Apparently pi{Cl{M,U)) C [Ki,U\r for each i E I, and the 
family of mappings {{fi)*)iei is compatible with i.e., o = (/j)^ o for all i E I. 
Thus /* is a patched mapping. Every {fi)* being C^, the map /* is on the patches and 
hence C^, by Proposition 8.21. □ 



Corollary 8.23 Let E and F be topological 'K-vector spaces and f : U ^ F be a mapping 
of class C^'' , defined on an open zero-neighbourhood U C E, such that /(O) = 0. Let M 
be a paracompact, finite- dimensional ¥ -manifold of class CJ. Then 

CUM, f) : CUM, U) ^ Cl{M, F), 7 ^ / ° 7 

is a mapping of class C^. 

Proof. Let M :— {0} be a singleton smooth K-manifold, and a: M ^ M, x t-^ 0, which 
apparently is a Cp-map. Then g: M xU F, g{0,u) := f{u) is a mapping of class C^^, 
and Cj^{M, f) — g* for g :— g o [a x idf/). By Proposition 8.22, g* is C^. □ 



9 Test function groups and algebras of test functions 

As in Section 8, let F be a locally compact topological field and K be a valued field which 
is a topological extension field of F. Let r e Nq U {00}. In view of Proposition 8.22 and 
Corollary 8.23, we can re-use the arguments from Section 5 to obtain the following: 

Proposition 9.1 Let M be a paracompact, finite- dimensional ¥ -manifold of class C^. 

(a) If A is a topological K-algebra, then also Cl{M,A) is a topological K-algebra {using 
pointwise multiplication) . 

(b) // A is an associative topological K-algebra and E a topological A-module, then 
C^{M,E) is a topological Cl{M, A) -module. 

(c) If G is a K-Lie group modeled on a topological K-vector space E, then 

Cl{M, G) := {7 e C"(M, G) : ^-^{G\{1}) is compact} 
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can be given a -manifold structure modeled on the topological K-vector space 
C^{M,E) in one and only one way, such that Cl{M,G) becomes a K-Lie group 
and such that Cl{M, U^) Cl{M, G) n {U^)^ is open in C^{M, G) and 

C:(M,(I,):C:{M,U^)^C:{M,V^), 7^007 

is a -dijfeomorphism onto the open subset C'^{M, V^) C C^{M, E), for some chart 
(f): ^ C. E of G around 1 such that 0(1) = 0. □ 

The Lie groups Cl{M,G) described in (c) are also called test function groups. 

10 Differentiability of almost local mappings 

Wc describe a criterion ensuring differentiability properties for mappings between open 
subsets of spaces of vector- valued test functions (equipped with the box topology). Cf. 
[32], [33], [27] and their precursor [25] for analogous results in the real locally convex case, 
based on the locally convex direct limit topology. 

10.1 Our general setting is the following: F is the field of real numbers or a local field, 
and K a valued field which is a topological extension field of F. For r, s. A; G Nq U {oo}, 
we are given a paracompact, finite-dimensional F-manifold M of class a paracompact, 
finite-dimensional F-manifold N of class C^; and topological K- vector spaces E and F. We 
consider a mapping f : P ^ Cl{N, F), defined on an open subset P C Cl{M, E). 

Our investigations are stimulated by the following question: 

10.2 Question. If /|pncj.(M,E) is of class for all compact subsets K C M, does it 
follow that / is ? 

The answer is negative. For example, the self- map 

f:C^(R,R)^C^(R,R), 7^707-7(0) 

of the space of real-valued test functions on the line is discontinuous at 7 = 0, although 
/|c7g^(R.]R) is smooth, for all compact subsets X C M (see [31]). 

The goal of this section is to describe a simple additional condition which prevents the 
type of pathology just described. As we shall see. Question 10.2 has an affirmative answer 
if we require in addition that / be "almost local." Being almost local is a rather mild 
condition, which is satisfied by most of the mappings of relevance, for example by all 
mappings encountered in the construction of the Lie group structure on groups of compactly 
supported diffeomorphisms of finite-dimensional smooth manifolds over the reals (see [33]). 



The case F = C has to be excluded now, since we have to use compactly supported cut-off functions. 
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Definition 10.3 (a) A map f : P ^ C^{N,F) (as in 10.1) is called almost local if there 

exist locally finite covers {Ui)i^i of Af and (Vi)jg/ of by relatively compact, open sets 
such that, for alH G / and 7,77 G P with 7|[/; = r;|[/., we have /(7)|yj = /(??)|v',- 

(b) A map / : P C'^{N,F) is called locally almost local if every 7 G P has an open 
neighbourhood Q Q P such that /|q is almost local. 

(c) In the special case where M = N, we call f : P ^ C^{M, F) a local mapping if, for all 
X G M and 7 G P, the clement f{'j){x) only depends on the germ of 7 at x}"^ It is easy to 
see that every local mapping is almost local. 

Cf. already [46, Defn. 14.13] for the related notion of a "local operator." 

Theorem 10.4 (Smoothness Theorem) Let /: Cl{M,E) D P ^ C^{N,F) be a map 
as described in 10.1. If fx '■= flpnc^iM.E) is of class for every compact subset K C M 
and f is locally almost local, then f is of class C^. 

Proof. We proceed in steps. 

10.5 Given 7 G P, there exists an open neighbourhood Q of 7 in P such that /|q is 
almost local. As 7 was arbitrary, the assertion will follow if we can show that f\w is 
of class for some open neighbourhood of 7 in Q. To this end, it suffices to show 
that the mapping g '■ Q — J ^ C'^{N, F), g{rj) := f{j + ri) — f{'j) is of class on some 
open zero-neighbourhood. As /|q is almost local, we find locally finite covers (t/j)je7 of M 
and {Vi)iQi of A^, with each Ui and relatively compact and open, such that f{rj)\vi only 
depends on r]\ui, for all rj E Q. Then apparently also (7(?7)|y. = g{C)\vi for all ,^ G Q — 7 
such that ri\u- = ^|^-, showing that also g is almost local. Furthermore, given a compact 
subset K C M, the map g\{Q-J)nC'^ (m,e) is of class C^, since so is the restriction of / to 
Q ^ C'^usupp(7)(^' We abbreviate P := Q - 7- 

10.6 We pick a locally finite open cover {Ui)i^j of M such that Ui C Ui holds for the 
compact closures, for all i E P, such a "thickening" exists by Lemma 8.5. For each iEl,we 
pick a mapping hi G C"'([/j, F), with compact support Ki := supp(/ii), which is constantly 1 
on Ui (see Lemma 8.8 if F is a local field; the real case is standard). 

10.7 By Example 8.19, the family (pj)je/ of restriction maps Pi : Cl{M^E) ^ {U, E) is a 
patchwork for Q(M, E). We let p: Cl{M, E) 0.^^ CiUi, E) =: S be the corresponding 
embedding taking rj to Ylii^i Pi{v) ■ Similarly, the family {ai)i^i of restriction maps CTj : 
Q(A^, F) C'{Vi, F) is a patchwork for C^{N, F). 

10.8 The mapping p being a topological embedding, we find an open 0-ncighbourhood 
H C S such that p~'^{H) C R. The direct sum being equipped with the box topol- 
ogy, after shrinking H we may assume that H — ® Ai for a family {Ai)i^i of open 0- 
neighbour hoods C C^iUi^E). The multiphcation operator 11^. : C^{Ui,E) — > C^.{Ui, E), 

^^In other words, f{'y)\vi only depends on 7|(7j- 

^^More precisely, we require f{'y){x) = f{ri){x) for all a; € M and 7, e P with the same germ at x. 
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77 I— > /ij • 77 is continuous linear (in view of Lemma 1.15 and Lemma 4.12, applied with a 
cover of coordinate neighbourhoods, this assertion can be reduced to Lemma 4.5). Hence, 
we find an open zero-neighbourhood Wi C Ai such that hi ■ Wi ^ R, where we identify 
CJ^.{Ui, E) with CJ^.{M,E) C Cl{M,E) as a topological K-vector space in the natural 
way, extending functions by (cf. Lemma 4.24). Then W := P^^(0jg7 Wi) C i? is an open 
zero-neighbourhood in Cl{M, E) such that PiiW) C for each i e 7. We define 

Qi-.Wi^ C\Vi, F), Qi := ai o 5(|i?nc^.(M,E) ° l^hilwi ■ 

Then Qi is of class C^, being a composition of C^-maps. Note that ai{g{rj)) — g{ri)\vi — 
g{hi ■ ri)\v^ = gi{ri\fj^) for each r) &W and i E I. Thus {gi)i^i is compatible with g\w in the 
sense of Definition 8.20. We have shown that g\]y is a patched mapping which is of class 
on the patches. By Proposition 8.21, g\w is of class C^. □ 

11 Smoothness of evaluation and composition 

We discuss differentiability properties of evaluation and composition of maps. 

Proposition 11.1 Let K be a locally compact topological field, k e NoU{oo}, M a finite- 
dimensional C^-manif old, and E a topological K-vector space. Then the "evaluation map" 

e:C^{M,E) X M ^ E, ,x) -.^ ^{x) 

is of class C^. 

Proof. Given x G M, let k: U — > V be a chart of M around x, where V is an open subset of 
the modeling space Z of M. Then £(7, K,~^{y)) — {'jo K,~^)(y) — e{C''{K~^, E){'^),y) for all 
y e y, in terms of the evaluation map e : C^iV, E) xV ^ E and the puUback C''{k''^, E) : 
C''(M,E) C'^eVjE) which is continuous linear and thus smooth (Lemma 4.11). It 
therefore suffices to consider the case where M = is an open subset of a finite-dimensional 
K-vector space Z. The inclusion map C°°{V,E) — > C''{V,E) being continuous linear for 
all e No (Remark 4.2 (a)), it also suffices to consider finite k. We proceed by induction. 

The case k = is well known (see, e.g., [16], Thm. 3.4.3 and Prop. 2.6.11). 

Induction step. Given A; G N, suppose that the assertion of the lemma holds if k is replaced 
with k - 1. Given (7, x, rj, y, t) G (C''(V, E) x 1^)1^^ such that t ^ 0, we calculate 

\{e{-f + tr],x + ty)-e{-f,x)) = \{-f{x + ty) - -f{x)) + r){x + ty) 

= ^^'\x,y,t) + vix + ty). (21) 

Let £1 : C^-i(y[^l,E) X V^^^ E denote the evaluation map, which is of class ^ by 
induction. Then, using Remark 4.2 (b), 

9 : {C'{V, E) X l^) W ^ E, ^(7, x, 77, y, t) := £(77, x + ty)+ £1(7^, (x, y, t)) 
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is a mapping of class ^. In view of (21), we deduce that e is of class C^, with s'^l = 9 
of class C^~^, and thus e is of class C^, which completes the inductive proof. □ 

Let us turn to the composition map now. We shall show: 

Proposition 11.2 Let K be a locally compact topological field, E a topological K.-vector 
space, r.k G Nq U {oo}, M he a finite- dimensional C^-manifold, F a finite- dimensional 
^-vector space, U F be open, and K C M compact. Then the composition map 

F: C^+'{U, E) X C^(M, U) ^ C^{M, E), r(7, 77) - 7 o ,7 

is of class C^. If k > 1, then 

d^il, V, 7i, Vi) = c?7 ° (V, Vi) +li°V (22) 
for all-f,-fi e C'-+''{U,E), r] G C^(M,[/), and t]^ G C^(M,F). 

If t/ = F, then we need not assume that M be finite-dimensional. In this case, we have: 

Proposition 11.3 Let K be a locally compact topological field, E a topological K-vector 
space, r, /c G No U {00}, M a C^-manifold, modeled on an arbitrary topological K-vector 
space, and F be a finite- dimensional K-vector space. Then the composition map 

p. c^+k(^p^E^ X C''{M,F) C''{M,E), r(7,77) -.^jor] 

is of class C^. If k > 1, then 

d^il, V, 71, Vi) = (^7 ° (V, Vi) +li°V (23) 
for all 7, 7i G C''+''{F, E) and r], r]i G C"'(M, F). 

For finite-dimensional M, both propositions are immediate consequences of the following 
technical result, which we prove now. A direct proof for Proposition 11.3 (including the 
case of infinite- dimensional M) is given in Appendix C. 

Lemma 11.4 Let K be a locally compact topological field, E a topological K-vector space, 
r. A; G No U {00}, M a finite- dimensional C^-manifold, F a finite- dimensional K-vector 
space, U an open subset of F, K a compact subset of M , and Y C be a non-empty, 
open subset. Let H he a finite- dimensional K-vector space, and P C H he open. Then 

e : C'+\U xP,E)x[K,U\rXP^ C'{Y, E), 0(7, V,p) l{',p) o vW , 
where \_K,U\r C C^^MjF), is a mapping of class C^. If k > 1, then 

eW((7,77,p), (7i,^?i,pi), t) 

= 7W((.,p), (.,pi), i) 0(77, r7i)|y + 7i(.,p + ipi) 0(77 + %)|y (24) 
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for all {{rrj,p), (7i,?7i,Pi), t) G {C^+'^{U xP,E)x [K,U\r x P)W. 
Hence, as a special case, the map 

r:C'-+\U,E) X lK,U}r ^C^{Y,E), r{^,n) :^ ^ o n\y 
is of class C^. If k > 1, then 

rW((7,^), (71,^1), t) = 7W(v^) ° + 71 o {v + tVi)\Y (25) 

for all ((7,77), (71,771), t) e (C"'+'=(C/, £;) x [X,C/J^)W. /n particular, 

d^{{l,v), (71,^1)) = c?7o (^,^i)|y + 71 (26) 
/or a/Z 7, 71 e C"'+'=(C/, £;), 77 G [K, U\r, and 771 e C^(M, F). 

Remcirk 11.5 In the real or complex locally convex case, the desired properties of F can 
be established directly, without recourse to parameters. In the general case envisaged here, 
a direct induction without parameter sets (based on Proposition 11.1 and Lemma 12.1) 
would only show that T is when C'^^^{U,E) is replaced with C"'+5'=('=+i)([/, £;), due to 
the loss in the order of differentiability in Lemma 12.1. 

Proof of Lemma 11.4. Clearly, we only need to prove the assertions concerning O: 

then also F will have the asserted properties. It suffices to consider finite k G No (cf. 
Remark 4.2(a)). We may also assume that r G Nq (cf. proof of Proposition 4.16). Thus, 
we assume that both r and k are finite, and prove the assertion by induction on k. 

The case = 

We proceed by induction on r. Let us suppose that r = first. We recall that the 
topology we have defined on spaces of C"^-maps coincides with the compact-open topology 
(Remark 4.10). For (7, 77, p) G C{U x P,E) x [K, U\ x P, we have 

€)(7,^,P) = f (7, 77|yXidp) (.,p) , where (27) 

F: C{UxP, E\,o. X CiYxP, UxP\,o. ^ C{YxP, E\,o., r(a,r) a o r 

is the composition map, which is continuous since UxP is locally compact [16, Thm. 3.4.2]. 
It easily follows from the definition of the compact-open topology that the mapping 
[K, U\ —>■ C{Y X P,U X P)c.o., 77 H- >• 77|y X idp is continuous. The map 

f^: P^C{Y,E), r(p) :=/(., p) 

is continuous for / G C{Y x P,E), and also the map C(r x P, E) C{P,CiY,E)), 
f I— > (/^ : p I— > f{;p)) is continuous [16, Thm. 3.4.7]. Furthermore, P being locally 
compact, the evaluation map e : C{P,C{Y, E)) x P ^ C{Y,E) is continuous (cf. [16], 
Thm. 3.4.3 and Prop. 1.6.11). Reading (27) as ©(7, 77,^) — £(r(7, 77|y xidp)^, p), we see 
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that © is continuous. 

Induction step on r . Let r e N, and suppose that the proposition holds for /c = 0, when r 
is replaced with r — 1. It then suffices to show continuity of © in the case where M is an 
open subset of its modeling space Z. In fact, suppose that M is a Cjj^-manifold. For each 
y E Y, there exists a chart Ky : Wy Vy <^ Z of Y around y. Let Ly C Wy be a compact 
neighbourhood of y, and Ky := K,y{Ly); let Yy := Ky be the interior of Ky. Since (L°)j^£y 
is an open cover of y, we deduce with Lemma 4.12 that © will be continuous if we can 
show that 

hy-. C\U xP,E)x [K,U\r X P ^ C^{Yy,E), hy{^,ri,p) := e{^,V,p)oK-% 
is continuous, for all y eY. But 

hy{l,V,P) = l{;P) o {v°i^y^)\Yy = Qy{l,V° i^y\p) (28) 

with ©^ : C'{U xP,E)x [Ky,U\r xP ^ C'{Yy,E), eyij,a,p) := j{,,p) o a\Yy, where 
lKy,U\r C CiVy^F). Note that the pullback C''{M,F) C''{Vy,F), r] ^ r] o is 
continuous linear (Lemma 4.11) and takes the open set \_K,U\r into [Ky,U\r- Thus (28) 
shows that hy will be continuous if each ©j^ is continuous. Since Vy is open in Z, this 
completes the reduction step to the case where M is open in Z. 

To complete the induction step on r in the case k = 0, by the preceding we may assume 
now that M is an open subset of Z. The map : C''{U x P, E) x [_K,U\r x P ^ C'iY, E) 
is continuous as a map into C(F, £"), by the case r = already settled and Remark 4.2 (a). 
Hence, in view of Remark 4.2 (b), © will be continuous if we can show that the map 

C'iU xP,E)x lK,U\r xP^ C^-\Y^'\E), (7,r^,p) ^ Q{^,v,pf^ 

is continuous at each given element (7o,^o,Po) in its domain, where 

e{^,7j,pf\x,y,t) = 'y^'\{7j{x),p), {7j^'\x,y,t),0), t) (29) 

for all {x,y,t) e Y^^\ by the Chain Rule. Let (a;o,yo,^o) £ be given. There exist open 
neighbourhoods [/i C of ?7o(a;o), U2 ^ F oi riQ\xo,yo,to) and C/3 C K of such that 
[/i X P X [/2 X {0} X [/3 C ([/ X P)W. Then 

p: C'-\{U X Pf\E) ^ C'~\U, XU2XU3X P,E), p{Oi^,y,t,p) := C{x,p,y,0,t) 

is a continuous linear map (Lemma 4.11). There exist open neighbourhoods V^i C y of 
xo, V2 C Z oi yo, and C U3 of to such that r]o{Vi) C Ui, Vi x V2 x C Y^^\ and 
Vo\^i X V2 X V3) C U2- There exist compact neighbourhoods Ki ^ Vi oi Xq, K2 Q V2 
of yo, and K3 C V3 of to. Set Yi := for i = 1, 2, 3. By induction, the map 



e:C''-\UixU2X U3xP,E)x[KixK2 xK^,UixU2xUi\r-ixP^ C''-^{YixY2xY^,E) 
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taking {a, T,p) to (t{*,p) ot\yixY2xY3 is continuous; here [Ki x K2X K3, C/i x C/2 x C^Jr-i Q 
C^-\Vi xV2xV3,F X F xK). Note that 

r- ''7'^'|yixV2xV3 ^ [Kl X K2 X K3,U2\r-l} 

is an open neighbourhood of rjo in [K, U\r- Furthermore, by Lemma 4.11, the map 
h-.n^ [Ki X K2X K3, U1XU2X C/sJr-i, h{r]) := (77 o m, V^^^lvixV^xVa, tts) 

is continuous, where tti : 14 x 1^2 x 1^3 — ^ Vi and tt^ : Vi x V2 x Vs ^ Vs C U3 are the 
coordinate projections. Since, by (29) and the definition of p and h, we have 

for all p G P, 7 G C"'(?7 x P,E), and 77 G we see that (7,77,^) 1-^ 0(7,'^,p)'^'|yixy2x-si5 ^ 
C'^~^{Yi X I2 X E) is continuous at (70,770,^0)- Since V'^l can be covered by sets of 
the form Yi x Y2 x Y3 as before, using Lemma 4.12 we now deduce that the mapping 
{ItVtP) ^ 0(7) £ C^~^(Y^^\ E) is continuous at (7o,?7o,Po), ^ desired. 

Induction step on k 

Let /c G N, and suppose that the assertion of the lemma holds when k is replaced with 
k — 1, for all r G Nq. Let r G Nq. Given an clement {{■J,r],p), (7i,?7i,Pi), t) G fl :— 
(C^+'=(C/ X P,E)x [K, U\r X P)[il such that t ^ 0, we calculate for xeY: 

i (6(7 + t7i, 77 + trii,p + tpi) - 6(7, 7;,p)) (x) 

= I (^7(77(2;) +i77i(x),p + tpi) -7(77(2;), p)^ + 71(77 (x) +i77i(x),p + tpi) 

= l^'\{v{x),p), {Vi{x),Pi), t) + 71(77(0;) + tr]i{x),p + tpi) , (30) 

in accordance with (24). Since is Cg~^ and hence continuous as a consequence of the 
induction hypothesis, in order that © be C^, it therefore only remains to show that the 
mapping fl C"'(F, E) described in (24), let us call it g, is of class C^~^ (then g — ©1^1). 
Since is C^~^, the map g is ^ on an open neighbourhood of each given element 
((7,f/,p), (7i,7/i,Pi), i) E Q, provided t 7^ 0. It remains to consider the case where t = 0. 
There is a balanced, open zero-neighbourhood W C F such that f]{K) + W + W + W C U. 
Next, there are open neighbourhoods Pq P oi p, Pi C H of pi, and r G ]0, 1] such that 

Pq + P2P1 Q P and thus Pq x Pi x P2 C pl^l , 

where P2 := {t G K : |t| < r}. After shrinking r, we may assume that furthermore 
P2 • fji{K) C W^. We let Uo := 77(is:) + W CU andUi := 771 (X) + W^. Then 

Uo + P2U1 C fj{K) + W + P2fjiiK) + P2W C fj{K) +W + W + W CU 

and hence ?7o x t/i x P2 C f/t^l. Furthermore, we have 

(77, 771) G [K, Uo xUijrQ C-iM, FxF). 
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Then C/q x Pq x C/i x Pi x P2 C ([/ x P)!^!, and the map 

p: C'+'{U, E) ^ C"^+(^-^)((f/o X f/i) X (Po x A x P2), E), 
p{'y){{uo,Ui), {p,pi,t)) := 7^^'((mo,p), ^) 

is continuous Unear by Remark 4.2 (b) and Lemma 4.11. Hence p is C^^. By the induction 
hypothesis, the map 

Q. C"^+M(([/ox[/i) X (PoxPi xP2),E) X [K,UoxUi\r X (P0XP1XP2) ^ C"^(r,E) 

taking (, i)) to ^(., i)) o ( is of class C^"\ The set 

C"'+'=(C/ xP,E)x [K, Uo\r X Po X C"'+'=(C/ xP,E)x [K, Ui\r x Pi x P2 

is an open neighbourhood of (7, f/,p, 71, f/i,pi, 0) in the domain fl of g. For all elements 
il^V^P^li^Vi^Pi^t) this open neighbourhood, we have 

9(l,V,P,li,Vi,Pi,t) ^^(p(l), (v,Vi), (p,Pi,t)) + Q(-fi,ri + trii,p + tpi) , 

showing that g is C^~^ on this open neighbourhood. This completes the proof. □ 
Proposition 11.2 and Proposition 11.3 (for finite-dimensional M) now readily follow: 

Proof of Proposition 11.3 for finite-dimensional M. Every x E M has a compact 
neighbourhood K^; let := be its interior. Then {Yx)xeM is an open cover of M. Let 
Px : C'\M,E) — i> C"'(y'a;, £■), 7 >^ 7|y^ be the restriction map. Then, as a consequence of 
Lemma 1.15 and Lemma 4.12, the composition map T : C"'+'=(P, E)xC''{M, F) C'iM, E) 
will be of class if we can show that 

o r : C^^\F, E) X a\M, F) ^ C^Y,, E) 

is of class C*, for each x E M. However, we have p^oT — Fx, where 

Fx-. C'+\F,E) X [Kx,F\r ^ C'{Yx,E), r.(7, r?) := 7 o (r^lyj 

is of class C'^ by Lemma 11.4. Hence F is of class C''. Suppose that k > 1 now. The 
mapping p^ being continuous linear, we have dT^ = d{pxor) = p^odV. Hence (26) implies 
that, for all 7, 71 G C"'+*^(P, E), r], rii e C"'(M, F): 

c^r((7,7?), (7i,7?i))|y, = d-fo{r),r)i)\Y,+^ior]\Y, = (o?7 ° (?7, ^1) + 7i o ^) 
for all X e M, entailing that (iF((7, 77), (71, rji j) = dj o (^rj, rji) + 71 o r/, as asserted. □ 

Proof of Proposition 11.2. Let K^, Y^ and p^ : C^M.E) CiY^.E) be as in the 
preceding proof. In order that the composition map 

F: C"-+*^([/, E) X C^KiM, U) C"'(M, E) 
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be of class C*^, we only need to show that p^; o F is of class for all x e M. But 
o r = Tj; o A^, where 

T,: C^'^^U^E) X [K,,U\r ^ C^'iY^^E), 1,(7, r?) := 7 o (r;|^J 

is of class by Lemma 11.4, and 

A,: C^+\U,E) X C^(M,C/) ^ C^+\U,E) x [K,,U\r, {%v) ^ {%v) 

is obtained by restricting and co-restricting a continuous linear map to open sets and 
therefore smooth. Hence o F = F^; o A^: is of class C^, being a composition of C^-maps. 
The desired formula for dF (if A; > 1) can now be deduced as in the preceding proof. □ 

12 Basic exponential law for smooth mappings 

In this section, we establish an exponential law for smooth mappings on products of suitable 
manifolds, and related results. 

Lemma 12.1 Let K be a topological field, r, k G No U {00}, M and N be C^'' -manifolds 
modeled on topological K-vector spaces, and E be a topological K-vector space. Then the 
following holds: 

(a) For each mapping f:MxN^E of class C^'', the associated mapping 

r:M^C^{N,E), r(x):=/(x,.) 

is of class C^. 

(b) The linear map C"^+*^(M xN,E)^ C^{M, CiN, E)), $(/) := is continuous. 

Proof. The lemma will hold in general if we can prove the case where M and are open 
subsets of topological K- vector spaces X and y, respectively. In fact, suppose that M and 
N are Q'^'^-manifolds. Let / : M x ^ be a Q'^'^-map. The mapping will be of 
class if we can show that it is on some open neighbourhood of each given point 
xq G M . Given xq, we let C/,^ — C X be a chart of M around Xq. Let A be an atlas 
for A^, of charts ip : ^ V,ip Y oi N . As a consequence of Lemma 1.15, Lemma 4.12 
and Lemma 4.11, the map f^\u^ is if and only if 

C^{r\E)of'^\u,:U^^C^{V^,E), x^f\x)or' (31) 

is for each & A. This holds if and only if 

C^{r\ E)of^o : ^ C^{V^, E) 

is C^, for each %Ij & A. Now, for given the latter map coincides with g^ , where g : = 
/o (0-1 X -0"^) : X ^ and here V^^ C X and QY are open subsets of topological 
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EC- vector spaces. It therefore suffices to sliow tfiat eacfi is of class C^. 

To see that also (b) can be reduced to the case of open subsets of topological vector spaces, 
note that, as a consequence of Lemma 4.11, Lemma 4.12, Lemma 4.13 and Lemma 4.14, 
the topology on C^{M, C^{N, E)) is initial with respect to the family of mappings 

K,^ := C\V^, C'{'il^-\ E)) o C\(t>-\ C'iN, E)) : C"=(M, C^(7V, E)) ^ C\V^, C'iV^, E)) 

taking g e C^[M, C^{N, E)) to C^{iIj~^, E)ogo(j)~^ ^ where and range through the charts 
of M and A^, respectively. Since = (/o(0-i x^-^))^ = (C"'+*^((/.-i x ^) (/))'', 

where C^+'^f^-i x E) : C+^iM xN,E)^ C'+'^fy^ x V^, E) is continuous and takes 
/ to a mapping defined on the product x of open subsets of X and Y , it suffices to 
prove (b) for mappings on such products V^xV^. 

By the preceding, we may assume for the rest of the proof that U := M (1 X and 

V := N O Y are open subsets of topological vector spaces. Recall from Remark 4.2 (a) that 

C^{V,E) = lim C''{V,E). Accordingly, C''{U,C°^{V, E)) = lim C''{U,C'^{V, E)) 

i — reNo ' — '■■eNo 
(Lemma 1.17, Lemma 4.14). It therefore suffices to prove the assertions when r e Nq. By 

a similar argument, we may assume that k is finite. The proof is by induction on A; e Nq. 

The case k = 0. If r = 0, then (a) and (b) are special cases of [16], Thm. 3.4.1 and 3.4.7, 
respectively. To proceed by induction on r, suppose that r G N, and suppose the assertion 
of the lemma holds when r is replaced with r — 1. The topology on C^(V, E) is initial with 
respect to the maps a: C^(V,E) ^ C"-i(V,E), 7 ^ o' and /?: C"'(V,E) ^ C^'^V^^^E), 
/5(7) := 71^1 (Remark 4.2). Hence the topology on C{U, C"'(V, E)) is initial with respect to 
the mappings C{U,a) and C{U,j3) (Lemma 4.14). 

(a) Let f : U xV ^ E he & C^-map, and -.U ^ C^(V, E) be as above. By the induction 
hypothesis, U C""~^(V, E), x ^ f{x, .) = a o is a continuous mapping. In view of the 
preceding, : t/ — >■ C^{V, E) will be continuous if we can show that also 

(5of^:U^ C"-^(l^W, E), x^ (r(2:))W 

is continuous. However, 

jjjf.Ux ^ E, ijjfix, (v,h,t)) := f^^\(x,v), (0,h), t) for xeU, (v,h,t) e (32) 

is of class C^'^, being a partial map of /^^l Since {(3 o /^)(a;) = ipf{x, .) = (■?/'/)^(a;), the 
map Po — {i^fY is continuous by the induction hypothesis. Thus is continuous, and 
thus (a) holds in the C^-case, when k — Q. 

(b) As an immediate consequence of the induction hypothesis, the mapping C(?7, a) o $: 
C^(C/ xV,E)^ C{U, ^-^(y, E)), f ^{x^ f{x, .)) is continuous. The mapping 

CiU xV,E)^ C-^U X yW,E), ^(/) := ^/ 

(with ipf as in (32)) is continuous by Remark 4.2 (b) and Lemma 4.4. Furthermore, 

^-.C'-^U xV^'^\E)^C{U,C''-\V^''\E)), E{g){x) -.^ g{x,,) for x e C/ 
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is continuous, by induction. Thus C{U,P) o $ = S o ^ is continuous. The topology on 

C{U,C^{V, E)) being initial with respect to C{U,a) and C{U,P), we deduce from the 
preceding that $: C"'(f/ xV,E) — »■ C{U,C^{V, E)) is continuous. Thus also the C^-case 
of (b) is established, when k = 0. 

Induction step on k. Let /c G N, and suppose that the assertions of the lemma hold for 
all r, when k is replaced with k — 1. Let f : U x V ^ E he a mapping of class C^^. As a 
consequence of the induction hypothesis and Remark 4.2 (a), the map f^:U^ C"'(V, E) 
is of class C^-\ and C"'+'=(C/ xV,E) ^ C'^U, C^(y, E)), f ^ is a continuous linear 
map. We now observe that 

(x + ty) - r{x)){v) = + ty, v) - f{x, v)) = /W {x, v, y, 0, t) (33) 

for dl\ V e V and {x,y,t) G f/'^' such that t 0. The mapping (5(/) : t/^^l x V ii^, 
5{f){x,y,t,v) := /W(x,i;,y,0,t) is C^+'^^S and 5: C"'+'=([/ x V, E) ^ c'r+fe-i([;[i] ^ ^) 
is a continuous linear map (see Remark 4.2 (b). Lemma 4.4). By the induction hypothesis, 
for any g G C'~+k-^{U^^] xV,E), the map 

^{g) C/™ ^ C^(T^,£;), *(^)(a:, y, t)(^;) := ^((x, y, t), ^;) for {x,y,t) G f/W, ^ G V 

is of class C^~\ and the map ^: C"+^-i(t/W x E) ^ C"^-i(?7W, C"'(V, E)) so obtained 
is continuous and linear. By the preceding, given / G C'^^^{U x V,E), we have '^{5{f)) G 
C"=-^(C/W,C"'(y,£;)). in particular, *((5(/)) = 5{fY is continuous. Note that (33) can be 
read as 

(/^)]i[(x, t) = W)Y{x, y, t) for all (x, |/, t) G m. 

Thus /"^ is of class with (/^)[^1 = 5(/)^ = ^(5(/)). Now being of class with 
(/v)W of class C^-\ the mapping is of class C^. Since $ is continuous when considered 
as a mapping C^~^'^(U x V,E) C{U,C'^{V, E)) as a consequence of the case k — 0, and 
the map C+'^iU xV,E)^ C'^U^^^ C {V, E)), f ^ {f^^^ = (*o(^)(/) is continuous by 
the preceding, we deduce with Remark 4.2 (b) that $: C"'+'=(C/ xV,E)^ C''{U, C^(y", E)), 
^if) — is continuous. This completes the proof. □ 

Proposition 12.2 Let K be a locally compact topological field, E be a topological K-vector 
space, M be a -manifold modeled on a topological K-vector space, and N be a finite- 
dimensional -manifold. Then the following holds: 

(a) A mapping g: M ^ C^{N, E) is of class if and only if 

g'^-.MxN^E, g^'ix, y) := g{x){y) 

is of class . 

(b) The mapping C°°(M xN,E)^ C°°(M, C^{N, E)), $(/) := 

is an isomorphism of topological K-vector spaces, with inverse given by 
: C°°(M, C°°{N, E)) ^ C~(M X N, E), ^-\g) = / . 
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Proof, (a) By Proposition 11.1, the evaluation map e : C°°{N, E)xN ^ E is smooth. The 
formula = e o (g x idjy) for g G C°°{M, C°°{N, E)) shows that g^ is smooth whenever so 
is g. If, on the other hand, g: M ^ C°°(A^, E) is a mapping such that / :— g^ is smooth, 
then = is smooth, by Lemma 12.1 (a). 

(b) As a consequence of Lemma 12.1 and Part (a) of the present proposition, the 
mapping $ is an isomorphism of vector spaces and continuous, with inverse given by 
^~^{g) = for g e C°°{M,C°°{N, E)). In order that be continuous, in view of 
Lemma 4.12 and Lemma 4.11, we only need to show that 

C°°(idM X E) o : C°°{M, C^{N, E)) C°°{M x V^, E), 

f ^ ^-\f) O (idM X ^-1) = O (idM X ^-1) 

is continuous, for each chart ip : ^ <^ Y of N, where Y is the modeling space 
of N. Note that o (idM x -0"^) = {C°^{ip-\ E) o f)^ = (C~(M, C°°{ip-\ E)){f)f for 
/ e C~(M, C^{N, E)), and thus 

C~(idM X o = * o C°°{M, C^iij-K E)) , 

where ^ : C°°(M, C~(\^^, E)) ^ C^{M x V^, E), g ^-^ g^. The map C°°(M, C°°{^-\ E)) 
being continuous (Lemma 4.11, Lemma 4.13), it only remains to prove that is continuous. 
We fix ij) now, and write y := for brevity. 

Let {Wi)i^i be an open cover of V , where Wi Q V is relatively compact for each i e 
/, with compact closure Ki :— Wi Q V. As a consequence of Lemma 4.12, the map 
^ will be continuous if we can show that pi o ^ is continuous for each i & I, where 
Pi-. C°°{M xV,E)^ C°°{M X Wi, E) is the restriction map. Hold i e I fixed. We have 

Pi{^{g)) = Piig"") = {eo{gx idv))\Mxw. , (34) 

where s: C°°{V,E) x V —>■ E is evaluation (which is by Proposition 11.1). We want 
to re- write (34) further in order to be able to apply Proposition 4.23 (b). To this end, we 
let cr : Wj — > y be inclusion. We define 

h:VxVx C^{V,E) E, h{v,y,j) := e{j,y) = j{y) 

and h:=ho{axidvX idc-(v/,E)) : Wi x V x C'^{V, E) E, h{v, y, 7) = 7(1/). Then (34) 
can be re-written as pii^^i^g)) = C°°{t,E) {4>{idv,g)), where t : M x Wi ^ Wi x M is the 
coordinate flip and where 

0: [Ki,V\^xC^{M,C^{V,E)) ^C^iWiX M,E), cl>{f,g):^K{f,g) 

is smooth by Proposition 4.23(b); here h^:{f,g){y,x) — h{y, f{y), g{x)) = g{x){f{y)) for 
y G Wi, X E M, and [Ki, V\oo C^{V,Y). Hence pi o ^ is smooth and thus continuous, 
which completes the proof of Part (b) . □ 

The remainder of this section is devoted to a variant of Proposition 12.2 for manifolds 
modeled on metrizable topological vector spaces. In order to prove the result efficiently. 
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we introduce as an auxiliary concept the notion of conveniently K-smooth maps, inspired 
by the convenient differential calculus of Prohcher, Kriegl and Michor (devoted to the real 
or complex locally convex case). 

Definition 12.3 Given a topological field K and topological K-vector space E, a subset 
U C E will be called c°°-open if U is open in the final topology on E with respect to the 
set of all Cj^-maps 'y : I ^ E, where / is an open subset of for some n G N.^^ A 
mapping f : U ^ F from a c°°-open subset U C to a topological K- vector space F is 
called conveniently K-smooth (or also a c^-map) if / o 7: 7 — > F is C^, for every n e N, 
open subset I C K", and C^-map ^: I ^ E such that 7(7) C U. 

Apparently every open subset U <^ E is c°°-opcn, and every Cj^-map is also cj^. Further- 
more, it is obvious that compositions of composable c^-maps are c^-maps. It does not pose 
any problems to develop a theory of c^-manifolds, along the lines of convenient differential 
calculus, but we refrain from doing so here, as we wish to focus on the C^-theorj. For the 
present purposes, the following limited definition is sufficient: We call a map f : M E 
from a Cg^-manifold to a topological K-vector space conveniently K-smooth (or a cj^-map) 
if / o 7 is for C^-maps 7 : D 7 — > M, or, equivalently, if / o k,~^ is conveniently 
K-smooth for every chart k, in an C^-atlas for M. 

Remcirk 12.4 Throughout this remark, suppose that K = R, or that K is an ultrametric 
field. Then, as a consequence of [3, Thm. 11.3(a)] (applied to subsets of K"), a subset 
f/ C £" is c°°-open if and only if ^"^(U) is open in K for every C^-curve 'j : K. ^ E. 
Furthermore, a map f : U ^ F is conveniently K-smooth if and only if / o 7 is for 
every n e N and every C^-map 7 : K" — >■ E with image in U (defined on all of K'^). If E 
is a metrizable topological K-vector space, then a subset U Q E is open if and only if it is 
c°°-open [3, Thm. 11.3(a)]; in this case, a mapping /:[/—> F into a topological K-vector 
space F is if and only if it is conveniently K-smooth (cf. [3, Thm. 12.4]). 

Before we can formulate the exponential law, we need to have a second look at the evalu- 
ation map. 

Lemma 12.5 Let K be a topological field which is metrizable {or, more generally, a topo- 
logical field such that K" is a k-space for all n e N). Let M be a -manifold modeled on 
a topological K-vector space, and E a topological K-vector space. Then the evaluation map 

s:C°°{M,E) X M ^ E, 5(7, x) := 7(x) 

is conveniently K-smooth. 

Proof. Arguing similarly as in the proof of Proposition 11.1, we reduce to the case where 
M is an open subset of its modeling space Z, which we assume now. To establish the 
lemma, we show by induction on /c G Nq that £ o c is of class C^, for every C^-map 
c = (ci, C2) : 7 ^ C°°{M, E) X M defined on an open subset 7 C K** for some n eN. 

^^Thus, we require that 'y~^{U) be open in I for any 7. 
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The case k — 0. Let c be as before. Since is a A;-space, so is its open subset /. Hence 
soc will be continuous if we can show that e o c\k '■ K ^ E is continuous, for every compact 
subset K C I. As C2: / ^ M is continuous, the set L C2(i^) C M is compact. Since 

e{c{x)) = ci{x){c2{x)) = e{ci{x)\L, C2{x)) 

for all x & K, where the restriction map C°°{M,E) — >■ C{L, E)c.o., f] ^ vIl is continuous 
(cf. Remark 4.10 & [16, p. 157, Eqn. (2)]) and the evaluation map e : C(L, E)c.o. x L ^ E 
is continuous, we see that e o c\k is continuous, as desired. 

Induction step. Suppose that k E Nq and suppose that £ o c is of class C^, for all c as 
before. For all {x,y,t) e /l^', we calculate 

{eocy'\x,y,t) = \{{eoc){x + ty)-{eoc){x)) 

= \{ci{x + ty) - Ci{x)){c2ix + ty)) + \{ci{x){c2{x + ty)) - Ci{x){c2{x))) 

= c^l\x,y,t){c2{x + ty)) + ci(a;) ^ (02(0;), cW(x, y, i), 

= e{c^l\x,y,t),C2{x + ty)) + {eoc){x,y,t) , (35) 

where c: /W ^ C°°(MW,£;) x MW, c{x,y,t) := (ci(a;)W, {c2{x),cl\x,y,t),t)) is smooth 
(cf. Remark 4.2), and where evaluation £: C'=°{M^^\E) x MI^I ^ takes -maps on 
open subsets of K"* (for any m e M) to C|^-maps, by induction. Since, trivially, also 
/[I] ^ C°°{M,E) X M, {x,y,t) ^ (cfl(a;, i), C2(x + iy)) is (cf. 1.7), we deduce from 
the induction hypothesis that the map 

g:I^^^^E, g{x,y,t) •.^e{c^i\x,y,t),C2ix + ty)) + {£oc){x,y,t) 

is of class C]| and thus continuous. Since g\j]ii = {e o c)^^^ by (35), we deduce that £ o c is 
C^, with {e o c)f^l = g, and thus £ o c is of class C^^, which completes the induction. □ 

Proposition 12.6 Let K be a metrizable topological field, E he a topological 'K-vector 
space, and M , N he -manifolds modeled on arbitrary topological K-vector spaces. Let 
g: M ^ C°°{N, E) he a map. Then the following holds: 

(a) If g is a d^-map, then also g^: M x N ^ E, g^{x,y) := g{x){y) is a d^-map. 

(b) Assume that K = M or K an ultrametric field. If both M and N are modeled on 
metrizable topological K-vector spaces, then g is if and only if g^ is C^. 

(c) C°°(M X N,E) ^ C°°{M,C°°{N, E)), f ^ f^ is a continuous isomorphism of 
vector spaces in the situation of (b), whose inverse g ^ g^ is a c^-map. 

Proof, (a) Suppose that is a c^-map. Then g^ — e o (g x idAr), where the evaluation 

map e: C°°{N,E) X N ^ E is c^ by Lemma 12.5. If 7 = (71, 72) : K" D J ^ M x iV is a 
C^-map, then 5''^ o 7 = £ o (gr o 7^, 72) is of class since (g' o 7^, 72) : / ^ C°°{N, E) x N 
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is a Cf^-map and £ is ■ Thus g'^ is ■ 

(b) Since M and MxN are C^-manifolds modeled on metrizable topological vector spaces, 
where K is R or an ultrametric field, mappings on these manifolds are if and only if 
they are (cf. Remark 12.4). Hence (b) readily follows from (a) and Proposition 12.1 (a). 

(c) It is immediate from (b) and Proposition 12.1 (b) that $ is a continuous linear bijection, 
with inverse * : C°°{M,C°°{N, E)) C°°{M x N,E), ^{g) = g^. To see that * is 

a cj^-map, let 7 : K" D / ^ C^{M,C°^{N, E)) be a C^-map. We have to show that 
* o 7: / ^ C°°(M X TV, E) is C~. By Prop. 12.1 (a), this will hold if we can show that 

/ (^07)^: 7 X M X £; 

is of class (since then = \1> o 7 apparently). This in turn holds if and only if / is a 
c^-map, the manifold I x M x N being modeled on a metrizable topological vector space. 
However, given r] = (?7i, 772, %) : IK™ DJ^IxMxNoi class C^, we have 

{for)){z) ^ e2(ei{-f{r)i{z)),r)2{z)), r)3{zj^ , 

where : C'^{M,C°°{N, E)) x M ^ C'^{N,E) and 62 : C'^{N,E) x N ^ E are the 
respective evaluation maps, which are c^-maps by Lemma 12.5. Consequently, f o rj is oi 
class and thus / a -map, which completes the proof. □ 

Note that, in the real or complex case, none of the topological vector spaces involved in 
Lemma 12.1, Proposition 12.2 and Proposition 12.6 need to be locally convex. Cf. [6] for 
a careful discussion of the exponential law for maps M x N ^ E, when E is a real locally 
convex space and both M and N are open subsets of real locally convex spaces. In the real 
and complex locally convex case, the exponential law for conveniently smooth maps plays 
a central role in convenient differential calculus (see [17], [47]). The reader should be aware 
that the locally convex topology on spaces of conveniently smooth functions primarily used 
in convenient differential calculus (initial with respect to puUbacks along smooth curves) is 
in general properly coarser than the topology we use here, already for C°°(M^,M) (cf. [6]). 



13 Diffeomorphism groups of finite-dimensional, 
paracompact smooth manifolds over local fields 

Let K be a local field (of arbitrary characteristic), and M be a paracompact, finite- 
dimensional smooth manifold over K. In this section, we turn the group DifF°(M) of 
smooth diffeomorphisms of M into a K-Lie group, modeled on the space C^{M,TM) 
of compactly supported smooth vector fields, equipped with the box topology. Since 
M = Yiiei ^ disjoint union of balls, we first turn the diffeomorphism group Diff°°(i?) 

i^By Prop. 8. 13 (f ) , this is the locally convex direct limit topology on C~ (M, TM) = lim (M, TM) . 
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of a ball B into a Lie group, which is quite easy. Then also the weak direct product 

Diff°°(i?i) is a Lie group by our general construction from Section 7. As this weak 
direct product can be identified with a subgroup of Diff°° (M) in an obvious way, it only 
remains to show in a final step that Diff°° (M) can be given a Lie group structure making 

Diff°°(_Bj) an open subgroup; this will complete our construction. 

In the next section, which can be read independently of the present one, we describe 
an alternative (slightly more complicated) construction, which is restricted to cr-compact 
manifolds but provides information also on the groups DifF (M) of C'-diffeomorphisms for 
finite r. 

13.1 Throughout this section and the next, K denotes a local field. We let |.| be an 
ultrametric absolute value on IK defining its topology, and O be the maximal compact 
subring of K. Given d E N, we let ||«||oo be the maximum norm on W^. Given a e 
and e > 0, Bs{a) :— {y e K.^ : \\y — a\\oo < £} denotes the open ball with respect to the 
maximum norm. 

The diffeomorphism group of a ball 

Given deN, consider the ball B :^ O'^ C W^. We show: 

Proposition 13.2 The set DifF^(i?) of all C^-diffeomorphisms of B is an open subset 
ofC°°{B,W^). Consider Difr{B) as an open smooth submanifold ofC^{B,W^). Then 
DiS°°{B), with composition of mappings as the group operation, is a K-Lie group. 

Proof. We prove the proposition in various steps. 

13.3 Define End°°(5) = C^{B, S) = {7 G C°°{B, K'^) : 7(5) C B}. Since B is both open 
and compact, Proposition 4.20 shows that End°°(i?) is an open subset of C°°{B,K'^) — 
C'§'{B,'K'^). By Proposition 1L2, the composition map 

r : End°°(S) X End°°(S) ^ End°°(S) , r(7, r?) := 7 o 

is of class C^. In particular, F is continuous and thus End°°(i?) is a topological monoid, 
with identity element id^. Hence, by standard arguments, the unit group DiiP°{B) — 
End°°{B)^ of the topological monoid End°°{B) will be open in End°°(S) (and hence in 
C°°{B,K^)) if we can show that it contains an identity neighbourhood. 

13.4 Given 7 G C"^(-B,K"') and x e B, wc abbreviate y{x) := dj{x,.). We let Q C 
End°°(fi) be the set of all 7 G End°°(fi) such that (7 - idB^^KB x B x O) C Bi{0). 
Then Q is an open identity neighbourhood in End°°(i?) and ||7'(a;) — id|| < | for all 7 G 
and X & B (using the operator norm with respect to the maximum norm ||.||oo)- We 
now show that Q C Diff°°(i?). To this end, let 7 G and abbreviate a := 7 — id^. Then 
^'{x) G GLd(O) = Iso(K'^, ||.||oo) is a linear isometry for all x G -B, because ||7'(x) — id|| < ^ 
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(cf. [74], Chapter IV, Appendix 1). Furthermore, ||7'(a;)|| = ||7'(^) ^11 — 1- We conclude 
that 

h{z) -'yiy) -'y'{x).{z -y)\\oo = \\a{z) - a{y) - a'{x).{z - y)\\^ 

< min{ ||(t(2;) -(T(y)lloo, \\(t'{x).{z - y)\\^} 

< ^ll^-^ll- = 2||y(V^|| ^^^^ 

for all x,y,z e B such that y ^ z. Indeed, because we are using the maximum norm 

here, given x,y,z as before there exists 7^ G IK such that |^| = \\z — y\\^ < 1. Then 
\\cr'{x).{z - y)||oo < \\cr'{x)\\ \\z - y\\^ < l\\z - y\\^ and 

<y{z) - <7{y) ^^l(a{y + ^^)- a{y)) = ^ a™ {y, ^, C) 

with £^ G and e e O, entailing that \\a{z) - a{y)\\oo < \^\ ■ h^^Kv, ^,Olloo < = 
Thus (36) holds. Using (36) with x = 0, [28, Lemma 6.1 (b)] shows that 7 
is an isometry from B onto 7(0) + Y{0).B = 7(0) + B ^ B. Since 7'(x-) e GLd(O) is 
invertible for all x, we deduce from the Inverse Function Theorem [28, Thm. 7.3] that 7 is 
a C^-diffeomorphism and thus 7 e Diff°°(S). We have shown that Q C Diff°°(S). Hence 
Diff°°(B) is open. 

13.5 The group multiplication on DiS°°{B) being smooth by 13.3, it only remains to show 
smoothness of the inversion map t: Diff°°(S) — > Diff°°(S), 4(7) := 7"^. We only need to 
prove that 

i^:Diff^(5) x5^K^ i^(7,a;) := i(7)(x) = ^'\x) 

is smooth; then t = (t^)^ : Difr°°(5) ^ C°°(5, K"') wiU be smooth, by Lemma 12.1 (a). By 
Lemma 11.1, the evaluation map 

£: Diff~(B) X 5 £(7,x):=7(x) 

is smooth. Note that £(7,*) = 7 is a diffeomorphism of B for each 7 G Diff^(i?), 
where DifT^(i?) is an open subset of the metrizable topological vector space C°°{B,W^) 
(see Proposition 4.19(c)). Therefore the Inverse Function Theorem with Parameters [28, 
Thm. 8.1 (c)'] can be applied to the map e, using the diffeomorphism 7 G Diff°°(i?) itself 
as the parameter. The theorem shows that Diff°°(S) x S — > K'^, (7,2;) 1— > (5(7, .))~^{x) — 
7~^(x) = i^(7, x) is smooth. As just observed, this entails smoothness of t. □ 

13.6 Slightly more generally, let us consider a C^-manifold M now which is isomorphic 
to 5 = O"^ as a C^-manifold. Given a C^-difFeomorphism tjj : M ^ B, wc simply 
give Diff°°(M) the uniquely determined K-Lie group structure modeled on C°°(M, TM) = 
C°°{B,'K.^) which makes the isomorphism of groups 

0^, : Difr°°(M) ^ Diff°°(5) , 9^(7) := o 7 o 



an isomorphism of Lie groups. 
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Lemma 13.7 For M ^ B as before, the Lie group structure on DifP°(M) just defined is 
independent of the choice of C^-diffeomorphism ip: M ^ B. 

Proof. If both and ip are C^-diffeomorphism M ^ B, then the composition O0o(6^)~^ : 
Diff°°(i?) — > Diff°°(i?), 7 I— > (0o-?/;~^) 070 [(j) o is an inner automorphism of the Lie 

group DiS°°{B) and hence a C^-diffeomorphism. The assertion follows. □ 

A very similar argument shows: 

Lemma 13.8 Suppose that M and N are finite- dimensional -manifolds such that M = 
N ^B. Let (f): M ^ N be a -diffeomorphism. Then 

A: DifF°(M) ^ DifP°(Ar), ^ ^ o 7 o 0-^ 

is an isomorphism of Lie groups. 

Proof. Let ip : N ^ B he a, Cj^-diffeomorphism. Then also ^o0:M^i?isa 
C^-diffeomorphism and hence 0^ : Difr°°(iV) ^ Difr°°(fi), 7 o 7 o V^-i and Q.^,^ : 
Diff°°(M) — s> Diff°°(i?), 71-^ (■(/; o 0) o 7 o o arc isomorphisms of Lie groups. Hence 
also A = (0^) ^ o 0^o^ is an isomorphism of Lie groups. □ 

Another technical lemma is useful: 

Lemma 13.9 If M is an open suhmamfold ofW^ such that M = B, then DifF^(M) IS an 
open subset ofC°°{M, K"'). The manifold structure making Diff°^(M) an open submanifold 
of C°°{M,K.'^) coincides with the manifold structure underlying the Lie group Diff°°(M), 
as defined in 13.6. 

Proof. Let : M ^ 5 be a C^-diffeomorphism. As M C IC^ is open and compact, 
C°°{M, M) is open in C~(M, W^). The puUback {ip-^ ,W^) : C~(M, W^) C°°{B, K"^) 
is a linear isomorphism which takes C°°{M, M) C^'-diffeomorphically onto C°°{B, M) (cf. 
Lemma 4.11). The map C°°(B,V') : C°°(S,M) C^{B,B) is a C^-diffeomorphism, 
since so is -0 (cf. Corollary 4.21). Hence also 

$: C~(M,M) ^ C°°(5,5), 7^^^o7o^-l 

is a C^-diffcomorphism. Since Diff°°(i?) is an open submanifold of C°°{B,B), the set 
$-^(Diff^(B)) = DifT^(M) is open in C~(M,M), and $ induces a C^-diffcomorphism 
from the open submanifold Diff°°(M) C C~(M, M) onto DifF°(5). But the same map 
also is a C^-diffeomorphism from the Lie group Diff°°(M) onto DiS°°{B), by definition 
of the Lie group structure in 13.6. □ 
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Passage to peiracompact manifolds 

Let M be a paracompact, finite-dimensional smooth K-manifold now, of dimension d, say. 
Then M is a disjoint union M = Yiiei '^^ ^ family of open and compact balls Bi O M 
(see Lemma 8.3 (b)). For each i e I, we equip DiS°° (Bi) with the K-Lie group structure 
modeled on C°°{Bi,TBi) described in 13.6 and Lemma 13.7. We then endow the weak 
direct product 

n:,,DifF-(5.) 

with a Lie group structure, as described in Proposition 7.1. Consider the mapping 

* : n:e/DifT°°(i?0 ^ Diff-=(M) (7,)../ ^Y[J^ (37) 

i€l 

taking (7j)ig/ to the map 7 : M — M determined by 71^. = 7^ for each i E I. Then indeed \E' 
takes its values in DifP°(M), and apparently ^ is injective and a homomorphism of groups. 
Throughout the following, using ^ we shall identify YTi^i Diff°°(-Bj) with the corresponding 
subgroup im\E' C Diff°°(M). We shall also identify the modeling space ^^^j C°°{Bi,TBi) 
with C^{M,TM) in the obvious way (Proposition F.19(e)); cf. Remark 8.17). 

Lemma 13.10 Assume that M = B and assume that M = Uj^jCj for a finite family 
iCj)jeJ of balls. Then Hjej Diff°°(Cj) is open in Diff°°(M) and Diff=°(M) induces the 
given manifold structure on the product Jl^^j Diff°°(Cj) of the Lie groups DiS°° {Cj). 

Proof. Reduction to the case where M is a metric ball: Let ip : M ^ 5 be a C^- 
diffeomorphism. Then ©.^ : Diff°°(M) Diff^(i?), 7 1— ;> o 7 o ip^'^ is an isomorphism of 
Lie groups, by 13.6. Set Bj := ^(Q) C B. Then A, : Diff^(Q) ^ Diff=°(fij), Aj{-f) := 
^jJ\^^ 070 [iJjIq^^) is an isomorphism of Lie groups for each j G J. by Lemma 13.8. Since the 
restriction of 0^ to J^^^j Diff^(Cj) coincides with the map rij^j^i onto Y[j^j^iS^{Bj), 
we clearly only need to prove the assertion for B — Yijej (then the assertion concerning 
M^UjejCj follows). 

By the preceding, we may assume now that M — B. By Lemma 4.12, the map p : 
C°°(M,K<^) ^ ll.^jC^{Cj,W^), p{-f) := {^\cj)j€J is an isomorphism of topological 
vector spaces. By Lemma 13.9, the Lie group Diff°°(Cj) is an open submanifold of 
C°°(Cj,K'^). Hence p^^ induces an isomorphism \E' from the direct product of Lie groups 
P := Yl-^jBiS'^iCj) onto the open subset ^(P) = p-\P) Q Diff°°(M) of C°°(M,K'^). 
Here ^ is the map from (37). □ 

Lemma 13.11 Assume that M = Y[iei '^^ ^ disjoint union of a family {Bi)i^i of balls 
Bi C M , and assume that, for each i & I, the ball B^ = Uj^j. Cij is a disjoint union 
of balls Cij C Bi for some finite set Ji. Abbreviate K :— {{i,j) : i & I,j & Jj}. Then 
Y[*{ij)eK^^^i^ij) open subgroup o/n*^^ Diff°°(_Bj), and n*^^^ Diff°°(Sj) induces the 

given manifold structure on the weak direct product Diff°°(Cjj). 
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Proof. By Lemma 7.2(b), there is a natural isomorphism Y[*i j)^K i^ij) — YTi^i ^i, 
with Hi :— Ylj&ji Diff°°(Cij). Here Hi is an open subgroup (and submanifold) of Diff°°(i?j), 
by Lemma 13.10. Hence, by Lemma 7.2(a), also the weak direct product Yllei^i 
open subgroup and submanifold of Yliei Diff°°(-Bi)) as asserted. □ 

Theorem 13.12 (The Lie group structure on Diff°°(iVf)) Let M be a paracompact, 
finite- dimensional smooth manifold over a local field K. Then there exists a uniquely 
determined -manifold structure on DifF^(M), modeled on the space C^{M,TM) of 
compactly supported smooth vector fields, such that n*^^ Diff°°(5j) is an open subgroup of 
Diff°°(M) and Diff°°(M) induces the given manifold structure on Yl*^jDiS°°(Bi) , for every 
cover {Bi)i^i of M by mutually disjoint balls Bi. 

Proof. For the moment, we fix a cover {Bi)i(zj of M by mutually disjoint balls. Let 
U :— YTiei Diff°°(-Bi) C Diff°°(M), equipped with its natural Lie group structure introduced 
above. Suppose we can show the following claim: 

Claim. For every 7 e Diff°°(M), there exists an open identity neighbourhood V C. U such 
that I^{V) C U, and such that V ^ U is smooth, where I^: Diff~(M) Diff°°(M), 
I^{r)) := 7 077 07-1. 

Then there exists a uniquely determined Lie group structure on Diff°°(M) with U as an 
open submanifold, by Proposition 1.18. 

13.13 To prove the claim, let 7 e Diff°°(M). As a consequence of Lemma 8.4, for each 
i e / there exists a finite cover {Cij)j^j- of Bi by mutually disjoint balls that is subordinate 
to the open cover {Bi (1 7~^(i?fc) : A; G /} of Bi. Let J := : i E I,j E Ji}. Given 

k e I, define Lk := {{i,j) G J: jiCij) C Bk}. Let L := {{k,£) : k e I,£ e Lk} and 
Dk '■= j{Ci) for {k,£) G L. Then {Dke)£eL^. is a finite partition of Bk into balls, for each 
k & I. The map tt: L — > J, Tr{k,i) :— £ is a bijection, and we have 

liC^ik/)) = l{Ce) = Dke for all (A;, £) G L. (38) 

Define V := ll*i,j)eJ^^^(^ij) ^ U*k/)GL^^^(^ke); then V and W are open 
subgroups (and submanifolds) of U, by Lemma 13.11. Let rj E V. Given x G Dk£, we have 
7~^(x) G Ci by (38) and hence ri{'y^^{x)) G Q. Thus I^{vi){x) = 7(77(7"^ (x))) G Dk£, using 
(38) again. Therefore I-y{V) W C U, as desired. Interpreting t] as the corresponding 
element {r]ij)(i,j)ej e n(i,j)Gj Diff°^(Cij) here with rjij := r]\c^., by the preceding we have 

for all {k,£) G L, where A^, : Diff°°(a(M)) ^ Diff"(^w), ^keicr) ■= 7|q ° ° 7"'lg, is 
an isomorphism of K-Lie groups by Lemma 13.8. Thus I-ylv : V ^ W is a mapping of the 
type discussed in Lemma 7.2 (c), and thus I^ly is an isomorphism of EC-Lie groups (and 
hence a C^-diffeomorphism) . Thus, the above claim is established. 
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By the preceding, DifP°(M) admits a unique K-Lie group structure making the Lie group 
Yl*i^j DifP°(5j) a subgroup and open submanifold. To complete the proof of Theorem 13.12, 
it only remains to show that the Lie group structure on Diff°°(M) so obtained is indepen- 
dent of the choice of the partition M = Yiiei ^ balls. To this end, suppose 
that M = Y[j^jCj is a second partition of M into balls. For each (i, j) e I x J such that 
BiHCj ^ 0, the open, compact submanifold Cj fl Cj can be partitioned into finitely many 
balls (cf. Lemma 8.3(b)). As a consequence, we find a partition {Dk)ki=K of M into balls 
that is subordinate to the disjoint open cover {Bi (1 Cj : i & I , j & J} of M. Given i & I, 
the set Ki := {k & K : C Bi] is finite, and Bi = Ufeei^i -^fc- Likewise, for any j & J 
the set Lj := {k & K : D}. <Z Cj} is finite, and Cj = U^jg^^. D^. Hence, by Lemma 13.11, 
the weak direct product J^^^^ Diff°°(Dfc) is a subgroup and open submanifold of both 
U := n*e7Diff~(Si) and V := IlJeJ Diff°°(Q). Therefore Diff°°(^fe) is a subgroup 
and open submanifold of both DifF^(M), equipped with the unique Lie group structure 
making U an open submanifold, and of Diff°°(M), equipped with the unique Lie group 
structure making V an open submanifold. As a consequence, the two Lie group structures 
on Diff°°(M) coincide. □ 



Remark 13.14 It is not hard to see that the natural action Difr°(M) x M ^ M (the 
evaluation map) is smooth, entailing that every smooth homomorphism tt: G — > Diff°°(M) 
from a K-Lie group G to Diff°°(M) gives rise to a smooth action tt^ : G x M ^ M. If G 
is finite-dimensional here or modeled on a metrizable topological vector space, then G has 
an open subgroup fixing any element outside a compact subset of M. Conversely, given 
a smooth action a : G x M ^ M, the associated homomorphism cr^ : G — > Diff°^(M) is 
smooth, provided there exists an open subgroup U C G and a compact subset K C M such 
that <7{x,y) = y for all x G U and y & M\K. This condition is, of course, automatically 
satisfied if M is compact; in this special case, smooth actions of Lie groups on M are in 
one-to-one correspondence with smooth homomorphisms into Diff^(A'/). Compare [33] for 
full proofs in the real case; they are easily adapted to the present situation. 

In the real case, it is well known that every continuous action of a finite-dimensional Lie 
group on a manifold by C°^-diffeomorphisms is automatically smooth [61, Thm., p. 212]. 
It is also known that every locally compact group acting effectively on a connected finite- 
dimensional smooth manifold by diffeomorphisms is a Lie group (see [45, Ch. I, Thm. 4.6] 
and [61, §5.2]), whence every locally compact subgroup of Diff°°(M) is a Lie group in 
particular. It is natural to ask for analogues in the p-adic case. The following problems 
are open and deserve to be investigated: 

Problem 13.15 Is every compact subgroup G of the diffeomorphism group Diff°°(M) of 
a paracompact, finite-dimensional smooth p-adic manifold M a p-adic Lie group? Does 
this hold at least if G is topologically finitely generated ? 

One strategy might be to try to verify the hypotheses of hazard's characterization of finite- 
dimensional p-adic Lie groups (see [48, Al, Thm. (1.9)], [15, Thm. 8.32]; cf. [74, p. 157]). 



78 



HELGE GLOCKNER 



However, the author suspects that counterexamples can be found. Compare also [55] for 
some related studies of subgroups of diffeomorphism groups. 

Problem 13.16 Are continuous actions of finite-dimensional p-adic Lie groups by smooth 
diffeomorphisms on paracompact, finite-dimensional smooth p-adic manifolds always 
smooth? Arguing as in the real case (sec [58] or [33]), this would entail that every contin- 
uous homomorphism from a finite-dimensional p-adic Lie group to Diff°°(M) is smooth. 

14 The diffeomorphism groups Difr(M) and Diff^(Mr 

Let K be a totally disconnected local field and M be a cr-compact smooth manifold over K, 
of positive finite dimension d. Given r G N U {oo}, let Diff^ (M) be the group of all C^- 
diffeomorphisms of M. In this section, we equip DifT (M) with a C^-manifold structure 
modeled on the space C^{M,TM) of compactly supported vector fields of class on M 
which makes Diflf (M) a topological group, with smooth right translation maps. For r — oo, 
the preceding smooth manifold structure makes Diff°°(M) a Lie group, modeled on the LF- 
space C^{M,TM); it coincides with the Lie group constructed in the preceding section. 
However, we shall also define a second smooth manifold structure on Diff°^(M) making it 
a K-Lie group, denoted DiS°° {MY; it is modeled on the projective limit 

C^{M,TMy -.^ lim C^{M,TM) = Pi C^{M,TM) 

'~ *^eNo 'J 

of LB-spaces. Note that C^°°(M, TMf coincides with C^{M,TM) as a vector space, but 
its topology is coarser (and can be properly coarser). Since M is diffeomorphic to an open 
subset U of K*^ (see Lemma 8.3 (a)), we first discuss DifT ([/) and only pass to general M 
at the very end. Throughout this section, we retain the conventions from 13.1. 

The monoids End^(C7) and End~(C/)~ 

14.1 Let d e N and U C K'^ be a non-empty, open subset. By Lemma 8.4, there exist 
a countable set /, positive real numbers rj for i e / and elements Oj e C/ such that U = 
[Ji(^j Br-{(ii) as a disjoint union. Abbreviate C/j := Br.{ai). Then, for every r e No U {oo}, 
by Proposition 8.13 (e) the map 

C:(C/,K'^)^0C7'-(C/,,K'^), 7-(7|c/.W 

is an isomorphism of topological K-vector spaces (when the box topology is used on the 
direct sum); wc use it to identify Cl(U,W^) and 0.^^ C"'(?7i, K'^). Wc define 

End^([/) := {7 e C"'(C/, K*^) : ^{U) C [/ and 7 - idu G Q(C/, K*^)} and 
£:{U) {7 e CliU, W') : idt; + 7 e End^(C/)} . 

Then 

: SliU) ^ End^(C/), /3,(7) - id^; + 7 

is a bijection. 
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14.2 Every 7 e End^(C/) is a proper map, since 7 ^{K) C K L) supp(7 — idu) for every 
compact subset K olU. Given 7,77 e ^1{U), we have 

(idj/ + 7) o (id;7 + ?]) = id;7 + 77 + 7 o (idj/ + ?]) , 

where 7 o {idjj + rf) E CliJJ.W^) since kljj + 77 is proper, and thus + 7 o (id[/ + 77) G 
Cl{U,W^). Therefore (id^; + 7) o (id^; + 77) G End;;(?7). We have shown that End;(t/) 
is closed under composition of maps, and thus End^(t/) is a monoid under composition, 
with id[/ as the identity element. We give Sl{U) the monoid structure which makes I3r an 
isomorphism of monoids. Thus is the identity in El{U), and the monoid multiplication 
lir-SliU) X Sl{U) El{U) is given by 

l^r{l,V)=V + l°i}'^U + V)- (39) 

14.3 We claim that Sl{U) is open in C^(C/, IfC^). In fact, let 7 G Sl{U) be given. For every 
X E U, there exists i{x) G / such that x+ji^x) G Ui(x) = -Br,(^)(flj(x)) = 2^+7(2^) + -Sri(^)(0) C 
U. There exists s(a;) G]0,ri(^)] such that Bs(x){x) C f/ and 'y{Bs(x){x)) C 7(x) + Br^^^^{0). 
By Lemma 8.4, there exists a countable cover (Ij)jeJ of U by mutually disjoint compact 
open sets Vj, which is subordinate to {Bs(x){x))x£U- Given j G J, choose Xj G U such 
that Vj C Bs{xj){xj), and abbreviate := i{xj). If 77 G Cc(C/, K*^) such that 77(1^) C 
Bu^i){l{^3))^ then 

y + 7^(7/) G + 5,(,^.)(0) + 7(a;,) + Br^^.^{Q) = Xj + 7(0;,) + ^.^^^(O) = U,(,) C U (40) 

for all 7/ G Vj. We have shown that the open neighbourhood 0jgj C'^^j-, ^ri(^j) ili^j))) 7 
in Cl{U,W^) is contained in £^{U). Thus £:^^(C/) is indeed open in Cl{U,W^). 

14.4 We consider S^{U) as an open C^-submanifold of C^{U, W^). We equip End^(t/) with 
the smooth K-manifold structure making /J^: ^liU) End^(?7) a C^-diffeomorphism. 

14.5 Define C~(C/, K'^)~ := flfceNo ^^(^' ^'^) = 1™ C^{U,K^). Then the vector space 

* — fcGNo 

underlying C~(C/, K'^)~is C~(C/,K'^), but the projective hmit topology on C~(C/, K'')~can 
be properly coarser than the topology on C^(C/, K'^) if U is non-compact. Since 

£:{U)=£',{U)^r\U,M.'') (41) 

for each r G Nq U {00}, we have £^{U) = £^{U) fl C^{U,K.'^) in particular. As a conse- 
quence, £^{U) is an open subset of C^{U, W^y. When equipped with the topology induced 
by C^{U,K% we write £^{Uyior £^{U). We write End^f (;7)~for the monoid End;!°(?7), 
equipped with the C'K'-manifold structure making £^{Uy^ End^(t/)~, 7 1— > id;/ + 7 a 
C^-diffeomorphism and an isomorphism of monoids. 



In various steps, we now show: 
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Proposition 14.6 In the preceding situation, we have: 

(a) For every r,k eNqU {00} , the mapping 

mr,k : End:+'{U) x End^(C/) ^ End^(C/), mr,k{l, 77) := 7 o ?7 

is of class C^. In particular, for each r G No the composition map rrir := mr,o : 
End^(C/) X End^(C/) — > End^(C/) is continuous, and the composition maps moo '■— 
moo,oo: End~(C/) x End^(C/) ^ End~(C/) and 

m: End~(t/rx End^(t/r^ End~(t/r, m(7,r7) := 7 o 

are smooth. 

(b) For every r e Nq U {00} and rj G S^{U), the right translation map pr^n '■= '^r,o{'-iV) '■ 
End;;(C/) ^ End;:(C/) 0/ dass . 

(c) For every r G NU{oo}, t/ie group of invertible elements Diff^{U) := End^(f/)^ «s o^^en 
mEnd:;(t/), and Difi^(?7) = DiSl{U) nEndl{U). Also BiS'^ {Uy := {End^{Uyy is 
open in End^(C/)~. 

(d) Given r G N U {00}, let ■j be a C^-diffeomorphism of U. Then 7 G Diff^(t/) if and 
only if there exists a compact subset K CU such that 7(0;) = x for all x G X\K. 

(e) For each r G N U {00} and A; G No U {00}, the map Lr,k : BiffJ^^iU) Biff^{U), 
7 H- >• 7~^ is C^. In particular, inversion Cr := ir,o- Diff^(?7) Diff^{U) is continuous 
for each r G N, and the inversion maps :— too,oo ■ Diff^([/) — > T>\W^{U) and 
I: Difl^(C/r^ Diff^(C/r are smooth. 

Thus Diff^(?7) and Diff^(?7)~ are K-Lze groups when considered as open C^- submanifolds 
o/End^([/), resp., End^([/)~. Furthermore, Diff^([/) is a topological group with respect to 
the topology underlying the smooth manifold Difi^(C/), for each r G N. 

Proof. We begin with the proof of (a) and (b). 

14.7 The maps (3r and Pr+k being C^-diffeomorphisms and isomorphism of monoids, in 
view of (39) apparently rur^k will be of class if we can show that the mapping ^r,k '■ 
£1+^{U) X Sl(U) C{{U, K^), (7, 7]) ^ 7] + -fo{idu + v) is of class C|. The map (7, tj) ^ tj 
involved being continuous linear and thus smooth, it suffices to show that 

/ : C^,+'{U, K^) X S:{U) ^ cm nC^), /(7, ry) 7 ° (id[/ + v) 

is of class C^. To see this, let 7 G K'^),v ^ ^1{U) be given. As in 14.3, we find 

a countable open cover (Vjjj^j of U by mutually disjoint compact open sets T^-, elements 

Xj G [/, and a mapping i : J ^ I such that 77 G 0^.^^ C^(V^, B^.^^^.j (77(2;^))) C £^{U), 
and such that {idu + C for all j & J and r G ^j^j {Vj, Br^y■^{rj{xj))) (cf. 



LIE GROUPS OVER TOPOLOGICAL FIELDS 



81 



(40)). Abbreviate Bj := Br^^.^{r]{xj)) and Q := ^-^jC'iVj.Bj). Then Cl+^{U,K^) x Q 
is an open neighbourhood of {'y,r]). By the preceding, /(o", r)|y,. = cr o (idu + ''■)|yj = 
ct|c/^(^,j o (idv.. + r|v/.)r»(^) for all a e C^^+'^(t/, IC^) and r e Q. Thus /lc,-+fc([7,Kd)xQ can be 
written as the composition 



0^.,,(C"-+^(%),K'^)xC^(\/,,5,.)) 
0.^,C'^(V-„IC'^)^Q(C/,K'^) 



where are the obvious isomorphisms of topological vector spaces (or their restrictions to 
C^-diffeomorphisms of open sets), p is the map (ui, Tj)i^ij^j ^ {ai(^j),Tj)j^j which is as 
the restriction of a continuous linear map, and fj : C^+'^(C/i(j), IK'^)xC"'(l^-, Bj) — >• C'^iVj, K*^), 
fj{a,T) :— a o (idy^ + t)|^'0). Then fj — Fj o {idcr+k(^u.^^^^^d) x gj), where the composition 
map 

r,-: C"-+'^(f/,(,),K'^) X C"-(\/„%)) ^ C"-(\/„K'^) 

is C| by Proposition 11.4,^'^ and gj : C"'(l^-,5j) — >■ C"'(l^-, t/j(j)), gj{T) := idy^ + r is 
smooth, being a restriction of an affine-hnear map. Thus each fj is of class and hence 
so is ®j^jfj, by Proposition 6.9. Being a composition of (7^-maps, f\cj:+''(uKd')xQ ^k- 

If /c = here, then /(., rj) : C^{U, K"^) — >• C^{U, W^) is a continuous map by the preceding. 
Since it is also linear, we deduce that the map f{',ri) is smooth. As a consequence, 
Pr,r/ — ^r,o(»)^) IS smooth, establishing (b). 

14.8 Clearly m will be smooth if we can show that Jl: E^iUfx E^iUf ^ C^{U,W^y, 
V'in-i V) := ''7 + 7 o (idc/ + rj) is smooth. By Lemma 1.17, Jl will be smooth if o /I is smooth 
for every r e No, where : C^{U, W^y^ Cl{U, W^) is the inclusion map. But this is the 

case. In fact, given any k e Nq, we have (A^ o /I)|^c(^) — ji^j. o (A^+fc x Ar)|||oo([^)1i^''*'^\ 
where ^r,k is of class and \r+k ^-nd A,, are continuous linear and thus smooth. Thus 
Ar o /I is of class C^. This completes the proof of Part (a) of Proposition 14.6. 

14.9 To prove (d), let r G N U {oo}. If 7 e Difr^(?7), then 7 e End;:([/), whence there 
exists a compact subset K C. U such that (7 — idu)\u\K — and thus 7|;7\_ft: = idu\u\K- 
Conversely, if 7 is a C^-diffeomorphism of X such that 7 coincides with idu off some 
compact set K, then apparently also the inverse map 7"^ satisfies j~^\x\k = i(iu\x\K, 
whence 7"^ e End^([/). Thus 7 is invertible in the monoid End^(t/); (c) is established. 

14.10 To prove (c), note first that 

End;:(t/) n EndliUy = End;:(t/)^ for all r e N U {00}. (42) 
^''We apply the proposition with K :=¥ := Vj; note that C""(V^-, f7i(j)) = [Vj, i7i(j)Jr here. 
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In fact, clearly End^(C/)^ C End^(C/) nEndJ(C/)^. If, conversely, 7 e End^(C/)nEndJ 
then 7 is a C^-diffeomorphism and thus d'~f{x, .) is invertible for all x G f/. Since, further- 
more, 7 is of class Cg, the Ultramctric Inverse Function Theorem [28, Thm. 7.3] entails 
that 7~^ is of class (cf. also [28, Rem. 5.4]). Thus 7 is a C^-diffeomorphism, and, in 
view of (d), apparently 7 G DifF^(?7) = End^ 

14.11 Given r e N U {00}, by the preceding End^(C/) is a topological monoid. Therefore 
its unit group EndJJ(f/)^ will be open if we can show that it is an identity neighbourhood. 
The inclusion map End)J(?7) EndJ(f/) being continuous, in view of (42), we only need to 
show that DifrJ(;7) is open in EndJ(t/), or equivalently, that £^{U)^ is a 0- neighbourhood 
in £^{U). Let Bi := S^.(O) C and Di :^ {t eK: \t\ < for i e I, with n as in 
14.1. Then W := ^■^jC^{Ui, Bi) is an open zero-neighbourhood in C^(C/, K*^), and we 
have W C £^(U) since x + 7(2;) eUi + Bi^ai + S^.(O) + 5^.(0) = + S^.(O) ^ Ui C U 
for all 7 e W, i & I, and a; e Ui. Define 

Qi := {cT e C^(C/i, Si) : (TW(C/i x O'^ x A) C 5i (0) and da{Ui x O'^) C Si (0)} . 

Then Q :— ®jgji^i C C is an open zero- neighbourhood. We claim that fl C 

£l{U)^, or equivalently, /9i(f2) C Diff^(f/). To see this, let a = {ai)i^i E Cl, where 
CTj = a\u, e fij for i e /. Define 7 := /?i(o-) = idu + (t and 7^ = idu^ + cxj = 7|{/;. 
Then 7,'(a;) := d-fi{x,,) = 1 + (i(Ti(a;, .) e GLrf(O) = Iso(K^ ||.||oo) for all x E Ui (cf. [74], 
Chapter IV, Appendix 1) and ||7i(a:;)|| = ||7i'(^)~'^|| — because ||7j'(x) — 1|| = ||(7^(x)|| < |. 
We conclude that 



Wliiz) -^i{y) -^'i{x).{z -y)\\^ = \\ai{z) - ai{y) - (xl{x).{z - 

< min { ||o-j(z) - CTjd/) lloo, \\a'i{x).{z - y)\\oo} 

< ^ll^-^ll- = 2||7kVmI ^^^^ 

for all x,y,z G ?7( such that y ^ z. Indeed, because we are using the supremum norm 
here, given x,y,z as before there exists 7^ ^ G K such that |^| = H^; — y\\oo < Tj. Then 
||(7^'(x).(2; - y)\\oo < \\cr'i{x)\\ \\z - y\\oo < l\\z - y||oo and 

a,{z) - ai{y) = ^^^{ai{y + - <7,(y)) ^^a^^^y, ^, 

with ^ G O'^ and e G A, entailing that \\a,{z) - ai{y)\\^ < \^\ ■ |k™(y> ^= OIU < 
il^l — |lk ~ y||oo- Thus (43) holds. Using (43) with x = a,, [28, Lemma6.1(b)] shows 
that ■ji is an isometry from Ui = B^^ai) onto 7i(ai) -|- 7j'(aj). A, (0) = 7i(ai) + -Bri(O) = 
ai-\- ai{ai) + Bj-iiQ) = Oj -1-5^.(0) = Bri{ai) ~ Ui. As a consequence, 7 is an isometry from U 
onto U. Since 7'(x) = l + a'{x) G GLrf(O) is invertible for all x, we deduce from the Inverse 
Function Theorem [28, Thm. 7.3] that 7 is a Cj^-diffeomorphism and thus 7 G DiffJ(C/), 
using (d). 
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14.12 In view of (42), the openness of EndJ(C/)^ in EndJ(C/) just established entails that 
Diff~([/)~ = End^([/)~n EndliUy is open in End~(C/f: This completes the proof of 
Part (c) of Proposition 14.6. 

14.13 To prove (e), we first observe that, for given r e N U {oo} and A; e No U {oo}, 
the map Lr^k will be of class if its restriction to some open identity neighbourhood 
Y C DifT+^U) is of class C^. In fact, if 7 G BifT/^U) is given, then F o 7 is an open 
neighbourhood of 7 in Diff^'''*^(6'^) since right translation by 7 is a C^-diffeomorphism of 
End^^'^(f/), as a consequence of (b). In view of (a) and (b), the formula tr,fc 1^07(^7) = — 
7-1 0(770 7"^)^^ = mr;k(j~'^, tr,fe|y(Pr+fc,7-i(^))) for 7^ G F o 7 shows that Lr,k will be 

on y o 7 if it is on Y. 

14.14 By 14.4 and the preceding, Lr,k will be of class if we can show that the map 

jry. E:+\UY ^ Cl{U,K^), 7* (idc/ + 7)"' - idc/ 

is on some open 0-neighbourhood in El'^'^iU). Note that S := 0jg/ ^c^'^(f^i)^ 
is an open subset ol £l+\UY C Cl+^U^W") = ^^^,C^+\U,,W), and j,,^!^ = 3i,ry- 
S ^ e,g,C"^(C/,,IK<^) = CliU.K''), where j-,,,, : Sl+^U^Y ^ CHU^.K''), j^^rAl) - 
(idi7i + 7)"^ ~ idf/.. By Proposition 6.9, (Biei ji,r,k will be of class if each ji^r,k is of 
class C]|. Summing up, in order that Lr,k be of class C^, for all r and k, we only need to 
establish the following claim: 

Claim. For each i E I, r E N U {00} and k E No U {00} , the map ji^r,k is of class on 
some open zero-neighbourhood in £^^^{UiY , where £^^^{Ui) := S^'^'^iUi). 

14.15 Fix i, r and k. Since Ui is compact, Diff^(?7j) = Difr(C/i) is the set of all C^- 
diffeomorphisms of f/j, and the map C'''{Ui^M) C^{Ui,'K'^), 7 h-^ 7 + id^^ is an affine- 
linear homeomorphism and hence a C^-difFeomorphism, which takes S^'{Ui)^ diffcomor- 
phically onto the open subset DifF(t/j) C C"'(t/j, IC^). Thus DifF'(?7j) simply is an open 
C^-submanifold of C^(C/i, K<^). Likewise for Dir+*^(C/i). In order that ji,,,^ be on some 
open zero-neighbourhood, it therefore suffices to show that inversion /i: P — > C'^{Ui,W^), 
h{'y) :— 7~^ is on the open identity neighbourhood 

of Difr+'=([/i), where Vli C C^{Ui,K'^) is as in 14.11. We only need to prove that 
h^:PxUi^ /t^(7, x) := h{-f){x) = -f-\x) is C^+^ then h = {h^'Y : P CiUi, K^) 
will be C^, by Lemma 12.1 (a). By Lemma 11.1, the evaluation map 

e:PxUi^W^, £(7,0;) := 7(x) 

is C^^. Since £(7. •) = 7 is a diffeomorphism of Ui for each 7 G P, and C'^~^''{Ui,'K.^) 
is metrizable (Proposition 4.19(c)), the Inverse Function Theorem with Parameters [28, 

^^The discussion in 14.11 shows that indeed P C Diif+''{Ui). 
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Thm. 8.1 (c)'] can be applied to £, with the diffeomorphism 7 e P as the parameter. The 
theorem shows that P x t/j — >• K'', (7, x) 1— > (£(7, = ^"^{x) — h^{'y,x) is of class 

C^''. The claim is estabhshed. 

14.16 Arguing as in 14.8, we deduce from the fact that Lr,k is of class for all r, A; e N 
that Tis smooth. This completes the proof of Proposition 14.6. □ 

Lemma 14.17 Letn,me N,re NoU{oo}, U <ZW,V CK"" be open subsets, (j):U^V 
be a proper mapping of class C^, and E be a topological K-vector space. Then 

C:{<j>,E):C:{V,E)^C:{U,E), 7^700 

is a continuous K-linear map. 

Proof. Indeed, the mapping Cl{(j), E) being hnear, by Proposition 8.13(c) we only need 
to show that its restriction to C^{V, E) is continuous, for every compact open subset K 
of V . Since is assumed to be proper, L := C f/ is a compact, open subset. 

It is clear that C^{(f),E) takes C^^VjE) into Ci{U,E). Using the obvious identifications 
C^k{V,E) = C'\K,E) and Cl{U,E) = C^{L,E), the map P) corresponds 

to the puUback C"'(0|f^,P) : C^{K,E) —>■ C^{L,E), which is a continuous linear map by 
Lemma 4.4. □ 

Lemma 14.18 Let U C W^, V CW^ be open subsets and (f):U be a bijection. Then 
the following holds: 

(a) Let r,k G No U {00}, and suppose that (f) is a C^'' -diffeomorphism. Then 

^:Endl{U) ^EndliV), $(7) := o 7 o 
is a C^- diffeomorphism and an isomorphism of monoids. 

(b) If (p is a C^- diffeomorphism, then End^(P)~— > Eiad^{Vy, 7 1— >• o 7 o is a 
C^- diffeomorphism and an isomorphism of monoids. 

Proof, (a) It is obvious that $ is a bijection, whose inverse 7 1— (f)^^ o 7 o also is a map 
as described in the lemma. Furthermore, clearly $ is a homomorphism of monoids. In 
view of the preceding it only remains to show that $ is a C^-map, or cquivalently, that 

^r,k : SliU) ^ SliV), -^rM ■■= <P o {idu + 7) o - idy = o (0-1 + 7 o 0-^) - idy 

is of class C^. To see this, wc note first that ^r,k is almost local. Indeed: Choose any 
locally finite cover {U()i(^l of U by relatively compact, open sets Ui. Then := (f){Ue) 
defines a locally finite cover (V^)^^^ of V by relatively compact, open subsets C. V . 
Given any i E L, for every x E Vi and 7 G SJ^iU) we have 

*,,fe(7)(x) = 0(0-^(x) + 7(0-'(x))) - X, 
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which only depends on the value of 7 at ^{x) e Ue- Thus ^r,k is almost local. 

By the Smoothness Theorem (Theorem 10.4), 'ifr,k will be if we can show that the 
restriction / of ^r,k to the open subset £^{U) n ^^(C/, W^) of C^(C/, W^) is C^, for ev- 
ery compact subset K ^ U. It suffices to show this for K open and compact, which 
we assume now. The image of / is contained in C^^^^(y, K"^). The inclusion mapping 

CJ^^j(y, K'^) C^iVjW^) being continuous linear and hence smooth, it therefore suffices 

to prove that / is as a map into C^^;^^(V, K*^). Since 4>{K) is compact and open, the 
restriction map 

is an isomorphism of topological vector spaces (Lemma 4.24). In order that / be C^, we 
therefore only need to show that 

g:S:{U)nC^^{U,K')^C^{<P{K),K'), g{j) :=/(7)U(k) 

IS C^. Note that 

g{l) = <P°{i(iK + ^\K)o(p~^UiK) - id^iK) 

= (C"-(r'Uw,K'^)oC'^(^,</'))(idi^ + 7k) -id^(K). (44) 

The pullback C'(0-%(x), K'^) : C''{K,K'^) C''{(f){K),K'^) is continuous hnear and hence 
smooth, by Lemma 4.11; the map C^^{U,K'^) C''{U,K'^) C^(ir,K^), 7 ^ -^Ik com- 
posed of inclusion and restriction is continuous linear and hence smooth (cf. Proposi- 
tion 8.13 (a) and Lemma 4.11); and C^{K, cf)) : C""(X, U) C"-(X, V) is as is C^+^ 
by Corollary 4.21. Hence (44) shows that g is C^, as required. 

(b) Apparently (b) will hold if we can show that the mapping S^{Uy — > S^{Vy, 
7 I— ;> o (id[/ + 7) o (p^^ — idy is for all k E N. But this readily follows from the fact 
that ^k,k is of class for all /c e N (cf. 14.8). □ 

Proposition 14.19 Let c? e N and U C be a non-empty open subset. Then the 
following holds: 

(a) For each r G NU {00}, there is a uniquely determined -manifold structure on the 
group Difr(f/) of all C^-diffeomorphisms of U such that DifF(?7) becomes a topo- 
logical group, the right translation maps : Difr([/) —>■ Difr(L'"), R-yivj) := 77 o 7 
are for each 7 e Y)\W{U), and such that Y)iW^{U) is an open -submanifold of 
Dir(C/). 

(b) For any r e N U {cxd} and k G No U {cxd}, the composition map 

Dir+^(c/) X Dir ([/) ^ Dir ([/), (7, r^) ^ 7 o 77 (45) 
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and the inversion map 

Diff ^ Dir(t/), 7 ^ 7-^ (46) 
are of class C^, with respect to the smooth manifold structures from (a) . 

(c) There is a uniquely determined smooth manifold structure on DiS°°{U) turning it into 
a K-Lie group and such that Diff^(C/) is an open smooth submanifold o/DifP°(C/). 

(d) There is a uniquely determined smooth manifold structure on Diff°^(?7) turning it 
into a K-Lie group {which we denote by Diff°°([/)~), such that Diff^{Uy is an open 
smooth submanifold ofDiS°°{Uy. 

Proof. It readily follows from Proposition 14.6(d) that Diff^(f/) is a normal subgroup of 
Dir(t/), for each r e N U {00}. Given 7 e Dir(?7), let 1^ : Biff^iU) Diff^(^7) denote 
the automorphism of groups 77 1— > 7 o 77 o 7"^. 

(a) Given 7 e Difr(C/), consider the map 

K,: Dir,(t/) o 7 ^ £;([/) X , t,,{r)) := (3;\r) o 7-^) . 

We claim that A := {k^, : 7 G Diif{U)} is an atlas defining a C^-manifold structure 
on DifF [U) (equipped with the final topology with respect to the family of the maps 
: £^{U)^ —>■ Difr(t/)). The domains of the maps cover Diflr(L'"). Let us prove 
compatibility of the charts. If 7,7 G Dir (M) such that Biff^{U) o 7 and Diff^{U) o 7 
have non-empty intersection, then 7 o 7""^ e Diff^(C/) and the two cosets coincide. For 
77 e £1{U)^, we have 

(/^,o/.-i)(r;) =/3-i(/?,(r7)o707-i) =/3-i(p,,^,^-i(/5,(r7))) 

using right translation p^-^-^a-y-i on Difi^(?7), which is smooth. Hence o k^^ is smooth, as 
required for compatibility. Now standard arguments provide a smooth manifold structure 
on Dir(t/) with atlas A. Since k;^ = /S"^ : Biff^{U) ^e(t/)^ we see that Diff^(;7) 
is an open submanifold of Diif{U). Given 7 e Difr([/), for each 77 e Difr(t/) we have 
(«;^07) ^ o o — id on £^(U)^ , entaihng that Ry is smooth. The topology under- 
lying DifF (U) makes it a topological group, because it has the following properties (cf. 
[39, Thm. 4.5]): the topological group DifF^([/) is an open subgroup of DifF([/); all right 
translations are homeomorphisms of DifF(t/); and 1^ is continuous for each 7 e DifF(t/), 
by Lemma 14.18. 

(b) Let 7 e Difr+\U), 7] e Dir(t/). For all 7 e Diff;:+^'(f^) and 77 e Diff;:([/), we have 

(7 o 7) o (77 o 77) = 7 o (7 o 77 o 7~^) o (7 o 77) . 

Right translation by 707/ being smooth, I^ : Diff^([/) — > Diff^(C/) being (Lemma 14.18) 
and composition Difr;:+^([/) x Diff^(?7) ^ Diff^([/) being C| (Proposition 14.6), the pre- 
ceding formula defines a C|-function 0111^+*^ ([/) x Difi^(C/) DifF ([/) of (7, 77). Hence the 
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composition map (45) is on the open neighbourhood (Diff^'^'^(C/) o 7) x (Diff^(C/) o rj) 
of (7, T]). Similarly, the inversion map (46) is on the open neighbourhood Diff^"^'^(C/) 07 
of 7 because 

(7 o 7)"''" — 7""^ o 7~"^ = 7~'^ o 7~"^ 070 7"''" — o 7""^ , 

where inversion DiS'+''{U) Bifr^{U) is by Proposition 14.6(e) and I^-i is by 
Lemma 14.18 (a). 

(c) By (b), the Cj^-manifold structure from (a) makes DiS°°{U) a Lie group. 

(d) By Lemma 14.18 (b), the automorphism of Diff^(;7)~is C^, for any 7 e Diff (U). 
Therefore Part (d) directly follows from Proposition 1.18. □ 

Definition 14.20 Let K be a local field, r e N U {00}, and M be a cr-compact K- 
manifold of class C^, of finite, positive dimension d. By Lemma 8.3(a), there exists a 
C^-diffeomorphism t/j: M ^ U^p from M onto an open subset C W^. Then 

: Dir (M) ^ Diff (t/^,), 9^,(0 := o e o 

is an isomorphism of groups. The map 

E:C:{U^,K'')^C:{M,TM), E{f){x) := Tr\^{x)J{iP{x))) 

being an isomorphism of topological vector spaces, there exists a uniquely determined C^- 
manifold structure on DifF(M), modeled on C^{M,TM), which makes the bijection a 
C^-diffeomorphism. The charts of DifF (M) are of the form 

K^: Dir(M) ^ C:{M,TM), ^4^) := E{k{Q4^))) , 

for k: Pk — ^ Qk. ranging through the charts of DifF([/^). If r = 00 here, then apparently 

Diff°°(M) is a Lie group, and 0^ is an isomorphism of Lie groups. Analogously, we make 

Diff°° {My a Lie group modeled on (M, TUy-.^ lim C'^ (M, TM) . 

* — fceNo 

Proposition 14.21 Let K 6e a local field and M he a a-compact C^-manifold of finite, 
positive dimension d. 

(a) For each r G N U {00}, the -manifold structure on Diff (M) is independent of the 
choice of ip in Definition 14.20. It makes DifF(M) a topological group and the right 
translation maps DifT (M) DifT (M) , rj rjo^ are smooth for each 7 e DifT (M) . 
Furthermore, for any k e No U {00}, both the composition map 

Dir+'=(M) X Dir(M) ^ Dir(M) 

and the inversion map DifF"'"*^(M) Difr(M) are C^. 



88 



HELGE GLOCKNER 



(b) The C^-manifold structure on DifP°(M) {resp., DifP°(M)~) is independent of the 
choice ofip in Definition 14.20; it makes DifP°(M) {resp., DifP°(M)~) a K-Lie group. 

Proof. We only need to show that the manifold structures are independent of the choice 
of ■0; all other assertions are immediate consequences of Proposition 14.19. 

(a) If both : M — > C/<^ and t/j : M ^ are Cf^-diffeomorphisms onto open subsets 
of then o {0^)'^ : BifTiU^) ^ I)ifr{U^), ^ ^ {<p o tjj-^) o { o (0 o ^-^)-^ is 
an isomorphism of groups which takes DifTJJ(?7^) C^-diffeomorphically onto DifF)J(f/(^), by 
Lemma 14.18 (a). Since right translations in the groups 'DiW{U^) and DifF {U^) are smooth 
and the homomorphism / := o (0^)~^ is smooth on an open identity neighbourhood, 
the usual argument shows that the homomorphism / is smooth. Interchanging the roles 
of (j) and ■0, we see that also is smooth. 

(b) In view of Lemma 14.18 (b), the same argument applies to Diff°°(M)^ □ 

Remcirk 14.22 If M is a u-compact, finite-dimensional C£-manifold for some r e N (but 
not smooth), we can still use the same arguments to make Difr(M) a topological group 
and C^-manifold modeled on CO(M, TM). 

A Proof of Proposition 4.19 

In this section, we prove the properties of function spaces asserted in Proposition 4.19. 
In view of Remark 4.2 (a) and Lemma 4.12 (applied with a countable cover of coordinate 
neighbourhoods in case of (c)), it suffices to prove assertions (a), (b) and (c) of Proposi- 
tion 4.19 when r e No and M = [/ is an open subset of Z, which we assume now.^° 

(a) The proof is by induction on r e Nq. Let us assume first that E is complete. If 

r = 0, suppose that (7^) is a Cauchy net in C{U, E)c,o.- Then (7a(x)) is a Cauchy net 
in E for each fixed element x E U and hence convergent, to 7(0;) G E, say. For each 
compact subset K C U, the restrictions jalK converge uniformly to jIk, whence 71^ is 
continuous. Hence 7 is continuous, using that U (being open in the k-space Z) is a k-space. 
Furthermore, 7q, ^ 7 in C(C/, E)c.o.- 

Induction step: Assume the assertion is correct for some r. Then both C{U,E) and 
C^(C/[^1,£') are complete and hence so is the topological vector space C^'^^{U, E), being 
isomorphic to a closed vector subspace of C{U,E) x C'^{U^^\E) by Lemma 4.3. This 
completes the induction. 

If E is merely sequentially complete (resp., Mackey complete) the sequential completeness 

Although we obtain an isomorphism of topological groups onto the Cf^-manifold DifF (f/^) for each 
C£-diffeomorphism ip : M ^ C K'', wc cannot expect anymore that the corresponding C^-manifold 
structures on DifF(M) are independent of the choice of ip. 

^°For (a), note that cartesian products and closed vector subspaces of Mackey complete topological 
vector spaces are Mackey complete. 
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of C'^{U, E) can be proved in the same way, replacing Cauchy nets by Cauchy sequences 
(resp., Mackey-Cauchy sequences). 

(b) Assume that K G {R, C} (resp., that K is an ultrametric field, with valuation 
ring O) and E is locally convex. If 7^ C f/ is compact and K C £" is a convex, open 
0- neighbourhood (resp., an open O-submodule submodule), then apparently also the open 
0- neighbourhood V^J C C{U,E) is convex (resp., an O-submodule). Hence C{U,E) is 
locally convex. Likewise, C{U^\E) is locally convex for each j and hence so is C^{U, E), 
its topology being initial with respect to linear maps into the spaces C{U^\ E) for j < r 
(by definition). 

(c) Case r = 0: There exists an ascending sequence (ii'j)jgN of compact subsets Kj 
of U such that Kj is contained in the interior of Kj^i for each j G N, and U = [Jj^j^Kj. 
Then every compact subset of U is contained in Kj for some j, entailing that the topol- 
ogy of uniform convergence on compact sets on C{U, E) is the topology making the map 
C{U,E) Jl^.gj^ C(i^'j, £■), 7 I— > {'^\Kj)j&i a topological embedding, where C{Kj,E) is 
equipped with the topology of uniform convergence. If (l^)neN is a countable basis of open 
0-neighbourhoods in E, then ([-ft'j, KiJ)neN is a countable basis of open 0-neighbourhoods 
for C{Kj, E), entailing that this space is metrizable. We readily deduce that also C{U, E) 
is metrizable. 

Suppose that r G N now, and suppose that the assertion of the lemma is correct for 
r — 1. By Lemma 4.3, C^{U, E) is isomorphic to a topological vector subspace of C(U, E) x 
(7^-i([/[i]^ £;). The factors of the product being metrizable by induction, also the product 
is metrizable and hence so is C^(C/, E). This completes the proof of (c). 

(d) Given r, M and E as described in the proposition, let us write C^{M,E)d for 
C^{M,E), equipped with the initial topology with respect to the family {D^)f^^j>r of 
the mappings : C^[M,E) — >■ C{T^ M, E)c,o., 7 ^ D^l, defined as follows: we set 
Z)°7 := 7, let D^^ := 0^7: TM E he the second component of the tangent map 
r7 : TM ^ TE ^ E X E, T^M 3 v ^ {'y{x),d-f{v)), and define D^-f := D{D^-^-f) : 
T^M := T{T^-^M) E recursively. Before we estabhsh Proposition 4.19(d), let us first 
recall some useful properties of the spaces C^{M, E)d : 

Lemma A.l In the situation of Proposition 4.19(d), we have: 

(a) If r = 00, then C°°{M, E)d = hm C^{M,E)d as a topological vector space, with 

< — fceNo 

the inclusion maps C°°{M, E)d C^{M,E)d as the limit maps. 

(b) If{Ui)i^i is an open cover of M, then the topology on C^{M, E)d is initial with respect 
to the family {pi)iei of restriction maps pi : C^{M, E) — > C^{Ui, E)d, Piij) '■— j\ui- 

(c) If(j):M^UCZisa C^-diffeomorphtsm, then C"-((/), E) : CiU, E)d C'iM, E)d, 
7 I— > 7 o is an isomorphism of topological K-vector spaces. 

^^Note that continuous linear maps take Mackey-Cauchy sequences to Mackey-Cauchy sequences because 
they take bounded sets to bounded sets. 
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(d) If r e No, then the topology on C^'^^{M, E)d is initial with respect to the maps 
Pi : C'+'{M,E) ^ C{M,E%,o., /3i(7) := 7 and P2 : C^+\M,E) ^ C^{TM,E)d, 
/32(7) ^7- 

Proof, (a) and (d) are immediate from the definition of the topologies. For a proof of (b), 
see [27, Prop. 24.10] (for example). For (c), see [27, Prop. 24.8]. See also [32]. □ 

In view of Lemma 4.12, Lemma 4.11 and their analogues compiled in Lemma A. 1(b) 
and (c). Proposition 4.19 (d) will hold in general if we can prove it in the special case when 
U := M C Z is an open subset of the modeling space, which we assume now. In view of 
Remark 4.2 (a) and Lemma A.l (a), we may also assume that r e Nq. The following four 
lemmas will enable us to complete the proof: 

Lemma A. 2 For Z, E, U C Z as before and each r G No, the topology on C^{U,E)d 
is initial with respect to the family {d^)r>jef>io> where d^ : C^{U,E) C{U x Z^,E)c.o., 
7 I— d^'j is as in 1.9. 

Proof. Note first that d^'j is a partial map of D^'-/: There is an injective map k : 
{1, . . . , j} ^ {1, . . . , 2^ — 1} (independent of Z, U and E), such that 

d^^{x, y) = D^7(x, 0(y)) for all 7 e C"'(C/, E),x eU ojidy e Z^ , 

where 0: Z-^ — > is the (continuous linear) map with fcth component 



Prfe(0(2/i, •••,%•)) 



yi if K{i) = k 
else. 



for /c = 1, . . . , 2'' — 1 and yi,. . . ,yj G Z [18, Claim 2, p. 50]. Accordingly, the map d^ — 
C(id[7 X (f),E) o : C^{U, E)d C{U x Z^ , E)c.o. is a composition of and a puUback 
along a continuous map, and thus d^ is continuous on C'^{U,E)d-i for each j <r. 

We now show that, conversely, each is continuous on C'^{U,E)d, i.e., on C'^{U,E), 
equipped with the topology initial with respect to the family {d^)j<r- To this end, we 
recall that 

j 

D^i{x,yi, - ■ ■ ,y2j-i) = Yl Ci^,...,Hd^iix,yh,---,yH) 

t=l l<ii<i2<---<«£<23-l 

for all 7 G C^{U, E), X E U and yi, . . . , 1/2J-1 G Z, for suitable numbers Q^^. G Nq which 
are independent of Z, U, E, 7, x, and yi, ■ ■ ■ ,y2j-i (cf- [18, Eqn. (3)]). Hence is a sum 
of terms of the form C(id;7 x ipi^,...,i(, E)od^ with a suitable continuous (linear) map : 
£;2^-i ^ E^, and hence is continuous on C"-([/, E)d. Thus C""([/, E)d = C^([/, E)d. □ 



^^The cited results are formulated in [27] only for real manifolds, but they carry over to complex 
manifolds, with identical proofs. 
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Lemma A. 3 Let Z, U C Z and E he as before, and F be a locally convex topological 
K-vector space such that E is a topological vector subspace of F. The the inclusion maps 

C'{U, E) C'\U, F) and C'{U, E)d ^ C''{U, F)d 

are topological embeddings. 

Proof. In view of the definition of the topologies, the assertion readily follows from 
the well-known (and apparent) fact that the inclusion map C{Y,E)c.o. C(Y,F)c,o. is a 
topological embedding, for any topological space Y. (Apply this with Y :— resp., 
Y ■=U X Z^, for all j e Mq such that j <r). □ 

Lemma A.4 Let Z , U Q Z and E be as before. Assume that E is complete. Define 

A : C(U X [0,1],^;) ^ C(U,E) 

via X{^){x) := 'y(x,t) dt for 'y G C{U x [0, !],£') and x eU. Then X is a continuous 
K-linear map. 

Proof. The maps A(7) : U ^ E are in fact continuous, being parameter-dependent 
integrals with continuous integrands (see, for example, [27, La. 6.15] or [35]). As clearly A 
is linear, it only remains to show that A is continuous at 0. To this end, let V Q C{U, E) 
be a 0-neighbourhood. Then there exists a compact subset K C U and a closed, convex 
0-neighbourhood W C E such that [K, W\ := {7 e C{U, E) : -f{K) QW} QV. Set 
/ := [0, 1]. Then [K x /, W\ := {7 G C{U x I,E): -f{K x I) C W} is a 0-neighbourhood 
such that X{[K x I, W\) C [K, W\CV (cf. [18, La. 1.7]). Hence A is continuous. □ 

Lemma A. 5 Given r G Nq and an open neighbourhood I of [0, 1] in ¥, consider the set 
fl C C^[U X I,E)]:) of all 7 G C^{U x I,E)]:) such that the weak integrals 

i{-f){x) := / 7(2;, t) dt 
Jo 

exist in E for all x E U , as well as the weak integrals d{'y{x,t,y) dt, for all j < r 
and {x,y) G C/ x E^ . Here dljlxjtjy) := d^ {'j{*,t)){x,y) for all x & U, t & I, and 
y — {yi, . . . ,yj) G Z^ , or, more explicitly: 

di'yix, t,yi,..., yj) = d^-f{{x, t), (7/1, 0), . . . , {yj, 0)) . (47) 

Then L{-f) G C^(C/, E) for all 7 G and 

l: C''{UxI,E)d ^ C''{U,E)d (48) 



is a continuous K-linear map. 
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Proof, (e) By [27, Prop. 8.7] (or [3, La. 7.5]) and [3, Prop.7.4],^^ the map ^(7) is with 



Clearly t is linear. To prove the continuity of t, after passing to the completion of E 
we may assume that E is complete, and hence Q = C"'(C/ x I,E), for convenience (cf. 
Lemma A. 3). The topology on C'^{U,E)£) being initial with respect to the maps : 
C^{U,E) C{U X Z^,E)c,o. by Lemma A. 2, the mapping l will be continuous if o l: 
X I,E)d C{U X Z^,E), 7 ^ dh{-f) is continuous for j < r. By (49) and (47), 
d^ot is a composition of the continuous map d^ : C^{U xI,E)d C{{U x /) x {Z x Wy , E), 
the continuous puUback C{f,E) : C{{U x I) x {Z x ¥y,E) C{U x I x Z^,E), 
rj T] o f with /(x, t, 1/1, ... , Uj) := (x, t, (yi, 0), . . . , {yj, 0)), and the integration map Xj : 
C{U X I X Z\E) C{U X Z^.E), Xj{ri){x,y) := ■r]{x,t,y) dt, which is continuous as a 
consequence of Lemma A. 4. Hence d^ o t is continuous for each j < r, and hence so is l, as 
asserted. □ 

We are now in the position to complete the proof of Proposition 4.19 (d). The proof is by 
induction on r G Nq. The case r = is trivial: By definition, both C^{U, E) and C^{U, E)u 
are equipped with the compact-open topology, and hence coincide. 

Induction step: Assume that Proposition 4.19(d) holds for some r G Nq. Consider the 



map /: C"-+^([/,E) ^ C''+^{U,E)d, f{l) := 7. For I3i and {S^ as in Lemma A.l (d), the 



(Remark 4.2(b)), the restriction map C'^{U^'^\E) — > C^(TU, E) which is a pullback and 
hence continuous (Lemma 4.4), and the identity map C'^{TU,E) — > C'^{TU,E)d which is 
an isomorphism of topological vector spaces by induction. The topology on C"'"^^(C/, E)d 
being initial with respect to the maps fij {j G {1,2}), the continuity of the compositions 
I3j o f entails that / is continuous. 

It remains to show that also is continuous. In view of Remark 4.2 (b), we only need 
to show that ai o /^^ and a2 o /"^ are continuous, where ai : C^^^{U,E) — > C{U,E) is 
the inclusion map and aa: C+^U^E) C'{U^^\E), ^2(7) := 7^. Here o /"^ = /5i is 
continuous. To see that a2 o is continuous, note that for any x E U and y E Z, we find 
an open balanced 0-neighbourhood J{x,y) ^ ^ and open neighbourhoods V(^x,y) Q U oi x 
and W(^x,y) Q Z oly such that 



^^Erratum: In the complex case, / should be an open neighbourhood of [0, 1] in C in [3, La. 7.5]. Similar 
apparent adaptations are necessary in the proof of [3, Prop. 7.4]. 




for all j < r, X E U and y E EK 



(49) 




(50) 



LIE GROUPS OVER TOPOLOGICAL FIELDS 



93 



(and thus V(^x^y) x W(^a:,y) X 2J(a;,j/) C C/l^[). Note that C/t^l is covered by C/l^t, together with 
the sets ^(x,!/) '■= Vix,y) x Wix,y) X "^(a;,?/) fo^" (^^j u) E U X Z . Hence, by Lemma 4.12, the map 
q;2 o will be continuous if we can show that 

<f>:C^^\U,E)n ^ C^{U^'^,E), 0(7) := ^^Xni = t'^' 

is continuous, as well as the mappings 

^(.,,) : C"'^\U,E)j, ^ C^-iY^,,y),E) , ^(.,,)(7) := 7W|y(.„) , 

for all {x,y) e U x Z. The formula 0(7)(x, = |(7(a:^ + ty) — j{x)) shows that 
(j) is built up from the following continuous maps and hence continuous: 1. The map 
C'^+^(U,E)d — ^ C^i^U^^^, E), 7 1-^ [{x,y,t) ^{x + ty)]. This map is the compo- 
sition of the inclusion map C^'^^{U, E)^ — > C'^{U,E)£) = C'iU^E) (which is contin- 
uous by definition of the D-topologies and the induction hypothesis) and the puUback 
Cig, E) : ^(C/, E) C^(C/li[, E) along g: ^ U, g{x, y, t) := x + ty, which is continu- 
ous by Lemma 4.4. 2. The map C"-+^([/,E)d ^ C'\U^'^\E), 7 ^ [{x,y,t) ^ 7(a;)], which 
is continuous by the same argument. 3. The addition map of the topological vector space 
C"'(t/]i[, E). 4. The multiphcation operator : C^{U^^\ E) CiU^^"^, E), 7 ^ r • 7 with 
r: F, T{x,y,t) := j, which is continuous by Lemma 4.5. Hence is continuous. 

In view of Lemma A. 3, it suffices to prove continuity of the maps ip{x,y) when E is com- 
plete, which we assume now (we can always replace E by its completion) . For the proof, fix 
{x, y) eUxZ;we abbreviate V := V(^,y) ,W :^ W^^^y) , J := J(^,y) , F := Y(x,y) ^VxWxJ, 
and := ^(r.,^)- Let ^2(0) := 5f(0) C F. Then 

ijj('y)(u,v,t) — ^^^\u,v,t) — / d^(u + stv,v) ds ior all (u,v,t) E Y 

Jo 

(see [3, Prop. 7.4] and its proof). We can therefore interpret t/j as a, composition 

C''+\U,E)d C'(U X Z,E)d = C'\U X Z,E) C"'(F x ^2(0),^) 
= C'{Y X B2{0),E)j, ^ C'{Y,E)j, = C'{Y,E) 

of the continuous map D : C"'+^([/. E)o ^ C^iJJ x Z,E)o (Lemma A.l (d)), the continuous 
pullback C'{h,E) : C'{U x Z,E) C'{Y x 82(0), E) along h : Y x ^2(0) ^ U x Z, 
h{u, V, t, s) := {u + stv, v) (Lemma 4.4), and the integration map 

L : C"-(y X B2iO),E)n ^ C'iY,E)n 

taking rj to the map {u,v,t) ri(u,v,t, s) ds."^"^ Here l is continuous by Lemma A. 5. 

Hence ip is continuous, and hence so is f~^, which completes the proof of Proposition 4.19.n 



Note that all of the required weak integrals exist, by completeness of E. 
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B Proof of Proposition 4.23 

Part (a) follows from Part (b) in an obvious way. We therefore only need to prove (b). 
Furthermore, as in the proof of Proposition 4.16, we may assume that r,k E Nq. 



Reduction to open subsets of X, X and Z 

As F is locally compact and X finite-dimensional, wc deduce that X is locally compact (cf. 
[12, I, §2, No. 3, Thm. 2]), and hence so are M and Y. For each i := {x,x) E Y x M =: I, 
we find a chart r-i : Wi ^ Ni of around ^(a;), onto an open subset iVj C Z. Let 
Ri : Si ^ Mj C X be a chart of M around a;, and : — >• Mj C X be a chart 
of M around x such that Si C. a~^{Wi). As y is locally compact, we find a compact 
neighbourhood Ci of a; in F such that Ci C Si. We let Ui :— Cf be the interior of Cj. Define 
Ki Ki{Ci), Yi := Ki(Ui) = Kf, and r]i := K,i\^\. Then Y = [j-^j Ui, and {rjiX Ri: i e 1} 
is an atlas for Y xM. Abbreviate Qi := ^^[x/s, : C_''{Y xM,F)_^ C^(Fi x Mi,F), 
Oi := e^, : C"-(M, E) ^ C"^(Mi, E), and 9i := 9-^, : C"-(M, E) ^ C"^(Mi, E) (see (13) in 4.7 
for the notations). Then 

A : C"-(y X M, F) ^ n ^'(^^ X 7 ^ (©^(t)).^/ = (t o (^r' x «-^)),e/ 

is a topological embedding (Lemma 4.9) whose image is easily seen to be closed (cf. 
Lemma 4.12). Hence, by Lemma 1.15 and Lemma 1.16, the map will be of class if we 
can show that o is of class for each i e 7. Using the CJ-map ai :— Ti o o -ql^ : 
Yi Ni and the C^'^^'-map fi := fo (r^^^ x idu x id;^ x idp) : NiXUxExP^F,we define 
/. := /. o (o^x idu X id;^ x idp) : Yi x U xE x P ^ F. For 7 e [K, U\r, 7 G C^iM^E), 
X & Yi, X & Mi, and p e P, we have 

Qi{Hin,P)){x,x) = f{vr^{x),-f{r]^^{x)),^{Ki^{x)),p) = fi{x,di{-i){x),ei{^){x),p) 
= (t>i{0i{'^),9i{^),p){x,x) , 

where 

^i-. [_Ki,U\r X C''(Mi,E) xP^ C^Yi X Mi,F), (t>i{r],n,p){x,x) := fi{x,r^{x),n{x),p) 

with [Ki, U\r C C'(M,, E). Thus 0^ o = 0^ o (^il^J'^j" x x idp), showing that 0,^ o 

will be of class if (pi is of class C^. Thus, each Mj being an open subset of X, Mi open 
in X, and A, an open subset of Z, the proposition will hold if we can prove (b) in the case 
where M, M and A^ are open subsets of X, X and Z, respectively, which we shall assume 
for the rest of the proof. We proceed by induction on k. 



LIE GROUPS OVER TOPOLOGICAL FIELDS 



95 



The case fe = 0. 

The proof is by induction on r. If r = 0, then the topology on C°(M, E), C°(M, E) and 
C'^iY X M,F) is the topology of uniform convergence on compact sets (see 4.8). Let 
7 e [K, U\ C C^(M, -B), 7 e ^(M,;^), p e P, L be a compact subset of y x M, and 
1/ C F be an open zero-neighbourhood. Let 1^ C F be an open zero-neighbourhood such 
that W — W C V . For each i := {x,x) G L, there are open neighbourhoods Ai C Y and 
Ai <0 M of X, resp., x, and open zero-neighbourhoods Bi G E, Bi G E and Ci Q H such 
that 7(A) + 5i C 7(ii') + BiCU,p + CiCP, and 

/(y , -u, iZ, g) - f{x, -f{x) , 7(a;) , p) e 

for all y e 74j, u e 7(A) + -Bi, u G 7(A) + -Bj, and q G p + Ci. By compactness, 
Q Uje/(A X A) for some finite subset I C L. Then S := BiCE,B := flie/ CE 
and C := Hig/^j — ^ open zero-neighbourhoods, and K :— pr2{L) C M is compact, 
where prg : F x M — > M is the coordinate projection. Let G 7 + [K,B\ C C^\M,E), 
^ G 7 + [Z, 5J C C°(M^F), and g G p + C C P. Given {y, y) G L, there is i = (x, x) G / 
such that (y, y) G A X A- Then G [i^, U\, and 

f(y,^{y),^{y),Q) - f{y,i{y),i{y),p) 
= f{y,^{y),^{y),q) - f{x,i{x),'f{x),p) - {f{y,^{y),'f{y),p) - f{x,i{x),'f{x),p)) 
G w-w cv. 

We have shown that 0(C, ?) - 0(7, ^,P)_^_IL, V\ C C(y x M, P) for all (^, ^, g) in the 
open neighbourhood (7-I- [K, B\) x (7-I- [K, B\) x (p+C) of (7, 7,p). Thus (f) is continuous. 

Induction step on r. We write 0^ for to emphasize its dependence on r. Suppose the 
assertion of the lemma is correct for k — and some r G Nq. Suppose that the hypotheses 
of the lemma are satisfied by / and a, with r replaced by r + 1. The map (pr being 
continuous, we see as in the proof of Proposition 4.16 that 0^+1 will be continuous if we 
can show that the map 

V': lK,U\r+i X C^+^(M,P) X P ^ C^((Y x M)W,P), V'(7,7,p) 0.+i(7, 7,^)^'' 

is continuous. Here we have, by the Chain Rule, 

'ijj(^,^,p){x,x,y,y,t) 

= (fir+ii'y, 7, P)^^\x,x,y,y,t) 

= P\{a{x),j{x),l{x),p), {a^'\x,y,t),j^'\x,y,t),j^'\x,y,t),0),t) (51) 

for {x,x,y,y,t) G (F xM)W. Let (7o,7o,Po) e L^,f/Jr+i xC"^+i(M,P) xP be given^ our 
goal is to show that ■0 is continuous at (7o,7o,Po)- We set :— XxXxW, Xi :— XxXx¥, 
Zi :^ Z X Z X K, El := E X E, and Pi := P x P. Given (xq, Xq, yo, ^o, ^0) E (Y x M)W, 
we have {a{xo),a^^^{xo,yo,to),to) G A^W and (70(^0), 7o^^(a;o, yo, ^o), ^o) e t^'^'- There are 
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open neighbourhoods Ri C N oi a{xo), R2 C Z oi (tW(xo, yo, ^o), -R3 C K of to, Vi C U oi 
7o(xo), and V2 Q E of 7o^'(xo, yo, ^o) such that 

i?i X i?2 X i?3 C A^I^l and Vi x V2 x C f/t^l . 

Then Ri x Vi x E x P x R2 x V2 x E x {0} x R3 C {N x U x E x P^^l Abbreviate 
Ni := R1XR2X i?3 and Ui := Vi x V2. Then 

fi: NixUiXEiX P ^ F, fi(x,y,t,u,v,u,v,p) := /^((x, -u, -1*,^), (y, t;, 0), 

for {x,y,t) e iVi, E Ui = Vi X V2, {u,v) G -Ei, p E P defines a mapping of class 

^^+i+k-i ^ (j^+k ^j^g Qpgj^ g^^gg^ X C/i X X P of Zi X X X //. There 

exists an open neighbourhood Ai C y of Xo with compact closure Ci C y, and open 

neighbourhoods A2 C X oi ijo, Ai C M oi Xq, A2 X oi fjQ, and A3 C F fl i?3 of to 

such that Ml := Ai x A2 x A^ C yW, Mi := Zi x Z2 x A3 C m'^', (7(^1) C i?i, 

(7W(Ai X A2 X A3) C R2, 7o(Ci) C \/i, and jI^\Ai x A2 x A3) C l^- Let Ki C Mi be 

a compact neighbourhood of (xq, yo, ^o), with interior Yi := i^i. Define cxi : Yi — > A''i, 

(7i(x, y, t) := (cr(a;), (7^(0;, y, t),t) for x e Ai, y e A2, t G A3. Then ai is a Cp-map. We set 

/i := /i o (o-i X id[/, X id;g^ x idp) : Yi x t/i x x P ^ F. 

Abbreviate z :— {xo,xo,yo,yo,to)- Then 

^1: lK,,Ui\r X C'(Mi,E,) xP^ C'{Y, X Mi,F), ^1(7, 7,P) := /i(.,p)*(7 x 7) 

is a continuous mapping by induction, where [i^i,f/ij,. C C^(Mi,i?i). Let Bi C Ai, 
B2 C A2 and B3 C A3 be open neighbourhoods of xq, yo and to, respectively, such that 
Pi X i?2 X i?3 C Yi. Then := Pi x Ai x P2 x A2 x P3 is an open neighbourhood of z 
in (Y X M)[^l. We define 5 : Qz ^ Yi x Mi, S{x,x,y,y,t) := {x,y,t,x,y,t). Since ipi is 
continuous, also 

1P2 := C^'(^, P) o ^1 : [i^i, PiJ, X C%Mi,Ei) x P ^ C"-(g„ P) 

is continuous (by Lemma 4.4). Note that 

Q:={7G Li^,Pj,+in LCi,\/iJ,+i:7t'^|M, G L^i,V^2jr} 

is an open neighbourhood of 70 in \_K, Pj^+i (cf. Remark 4.2 (b). Lemma 4.4 and Lemma 4.22). 
The linear maps 

tt: C"^+^(M,P) ^ C"'(Mi,P), 7r(7)(a;,y,i) :=7(x) and 

7f: C"-+^(M,P) (Ml, P), 7r(7)(a;,y,t) := 7(x) 

are continuous (see Remark 4.2 (a) and Lemma 4.4), and we have 7i{fl) C [PTi, Vi\r- Also 

6"-+^ (M, P) ^ (Ml , P) , 7 ^ 71^1 1 Ml and 
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are continuous linear mappings (see Remark 4.2 and Lemma 4.4), and the first of these 
maps Q into [Ki,V2\r- Let : C^((y x M)W,F) ^ CiQ^^F), p^{r]) := 77]^, be the 
restriction map. In view of (51) and the definition of ^2, we have 

ij{-f,^,p){x,x,y,y,t) = i)2 ((7r(7),7W|Mj, (vf (7), 7^ l^gj, p) {x,x,y,y,t) 

for (7, 7,p) e O X C"'+^(M, £J) x P, {x,x,y,y,t) e Qz, showing that 

Pz ° ''/'lnxC'-+i(M,E)xP 

is continuous on ^2 x C"^'+^(M, i?) x P, which is a neighbourhood of (7o,70)Po)- Thus, we 
have achieved the following: given any z = {xq, Xo,yo,yo,to) G (F x M)[^l, we have found 
an open neighbourhood of 2; in (y x M)^^^ such that o is continuous at (70, 7o,Po)- 
In view of Lemma 4.6, this entails that ip is continuous at (70, 7o,Po)) ^ desired. 

Induction step on k. 

Suppose the assertion of the lemma is correct for some k E Nq and all r G No- Let 
a and / be given which satisfy the hypotheses of the lemma when k is replaced with 
k + 1. Then : [K, U\r x C''(M,'E) x P ^ ^(y x M, F) is of class C| (and thus 
continuous), by induction. For all (7, 7,p, 77, 77, i) G {\K,U\r x C'^{M,E) x P)l^[ C 
[K, U\r X C^(M,E) X P X C^{M, E) x ^(M^E) x // x K, we calculate 

7 (0(7 + 7 + p + tq)- (pij, 7, p)) (x, S) 

= -t{K(^{x),-i{x)+tT]{x),^{x)+tf]{x),p + tq) - f{a{x),-f{x),^{x),p)) 

= /W((a(x),7(x),7(x),p), (0, 77(0;), 77(0;), g), t) (52) 

for all X G y and x E M. On the open subset 

TycA^x[/x£;xExExPxi/xK 

consisting of those {x, y, z, y, z,p, q, t) such that {y, z, t) G U^^'^ and {p, q, t) G P^^\ we define 
a <-^K — '^K -map 

h:W^F, h(x,y,z,y,z,p,q,t) :^ f^^\(x,y,y,p), (0, z,z,q), t) . 

Motivated by (52), we consider the map 

{[KMlr X C''(M,E) X P)W ^ C"'(r xM,F), 
V'((7,7,P), {v,V,q), t){x,x) ■.= h{a{x),'y{x),r]{x),^{x),f]{x),p,q,t) 

which extends cf)^^^. If we can show that t/j is C^, then ^0 is continuous and thus t/j — (f)^^\ 
Thus (j) will be of class C^, with ^t-^l = of class C|^, entaihng that is of class (see 
1.7), as required. 
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Let A be the set of all relatively compact, non-empty, open subsets of y . As a consequence 
of Lemmas 1.15, 1.16, 4.6 and 4.12, the mapping i/) will be of class if we can show that 
PQO-^is of class for all Q e A, where pg : C"'(F x M, F) ^ C^(Q xM,F), pq{j) := 
7|qxm- Here pqoip will be of class C]| if wc can show that every (70, 7o,Poj ''^Oj ''^Oj Q'Oj ^o) ^ 
U\r X C""(M, ii^) X Py^^ has an open neighbourhood T such that (pg o is of class 
(see Lemma 1.12). 

Case to ^ 0: Then we can take T := {[K, U\r x C''(M,E) x P)li[. In fact, V^|t = 0'^^ (and 
thus Pq o '?/'|r) is of class since so is (p. 

Case to = 0: In view of the compactness of 7o(Q) ^ ^ Vo{Q) ^ where Q denotes 
the closure of Q in Y, there exist open neighbourhoods Bi of 7o(Q) iii -^2 of ?7o(Q) 
in E and an open zero-neighbourhood S3 C K such that Bi + B3 • B2 C U and thus 

Bi X B2 X B3 C f/[il. Shrinking Eg if necessary, we find open neighbourhoods B4 of po in 
P and B5 of go in i^" such that P4 + P3 ■ B5 C P and thus B^ x B5 x B3 C pl^. Define 
f/i := P1XP2 C UxE andPi := P4XP5XP3 C PxHxK. Then NxUixExExPi C ly, 
and ^ := M^xUixe'^xPi '■ ^ x Ui x E x Pi ^ P is a mapping of class C^''. We define 

2 

g :^ go {a\Q x idf/i x id-g2 x idpj : Q x Ui x E xPi^P. 
By induction hypothesis, the mapping 

$: [g, t/ij. X C'(M,e') X Pi ^ C'-(g x M,P), $(7,7,p) := ^(.,p)*(7 x 7) 
is of class Ci, where [Q, Ui\r C ^(M, E x E). Note that 

^ : (C""(M, E) X C""(M, ;b) x x K ^ C^(M, E x E) x C"'(M, ;Bx;b)x//x//xK, 

(7, l,P,V,V,(l,t) ^ ((i,v),(i^v),p,(i, t) 

is an isomorphism of topological K- vector spaces such that (70, 70)P0) ^70) ^O) 90) ^o) & T :— 
9-\lQ, Ui\r X C^{M,E^) X Pi) n ([X, U\r X C'-(M,E) x P)W. To complete the proof, it 
only remains to observe that pg oi/jIt — ^ o 9\ff^^ is a mapping of class C^. 

C Proof of Proposition 11.3 

In the situation of Proposition 11.3, let be a finite-dimensional IK- vector space, and 
P Q H he open. If we can prove the following lemma, then apparently Proposition 11.3 
will follow: 

Lemma C.l The mapping 0: {F x P, E) x C"'(M, P) x P ^ C"'(M, E), 
G(7,r;,p) := 7(«,p) or] is of class C^. Ifk>l, then 

eW((7,r;,p), (71,^1, Pi), t) 

= 7'^'((vP), (.,j9i), t) o (r^,7^i) +7i(.,p + tj9i) o (?^ + t77i) (53) 

for all {{^,v,p), (7i,^i,Pi), t) e (C"-+'=(P xP,E)x C^{M,F) x P)W. 
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Proof. As in the proof of Lemma 11.4, we may assume that A;,r e No- The proof is by 
induction on k. 

The case fe = 

We proceed by induction on r. If r = 0, then a trivial variation of the argument used in 
the proof of Lemma 11.4 shows that © is continuous. 

Induction step on r. Let r e N, and suppose that the lemma holds for A; = 0, when r is 
replaced with r — 1. It then suffices to show continuity of 9 in the case where M is an 
open subset of its modeling space Z. In fact, if M is a Cj^-manifold, Lemma 4.12 entails 
that will be continuous if, for any chart k:U V C Z of M, the map 

h: C'{F xP,E)x C'{M,F) x P ^ C'{V,E), h{-f,r),p) := e{^,r],p) o k'^ 

is continuous. But 

Hl^V,P) = l(;P)°(v°i^~^) = S(7,r7 0K-\p) , (54) 

where S: C^(F xP,E)x C"-(V, F)xP^ C"'(V, E), 2(7, a,p) := 7(.,p) oa. Recall that the 
puUback C"'(M, F) ^(V, F), rj 1-^ rjoK~^ is continuous hnear (Lemma 4.11). Thus (54) 
shows that h will be continuous if S is continuous. Since V is open in Z, this completes 
the reduction step to the case where M is open in Z. 

To complete the induction step on r in the case k — 0, hy the preceding we may assume 
now that M is an open subset of Z. The map : C"'(F x P, £;) x C"'(M, F)xP ^ C"'(M, E) 
is continuous as a map into C{M, E), by the case r = already settled. Hence, in view of 
Remark 4.2 (b), G will be continuous if we can show that the map 

C'\FxP,E) xC'{M,F) X P ^C'-\M^^\E), (7, r?,^) ^ 6(7, 77,^)^ 

is continuous, where 

e{^,rj,pf\x,y,t)^^^'\{ri{x),p), {rj^'\x,y,t),0), t) (55) 

for all {x,y,t) e MW, by the Chain Rule. By (55), we have 

0(7,^7,^)'^' = 0(7'^' (^opri,^?'^',pr3), p) (56) 

for all (7, T], p) in the domain of 0, where pr^^ : M'^l M, (x, y,t) ^ x and prg : M'^l — > K, 
{x, y,t) ^ t are the coordinate projections, 

p: PW X P ^ (P X P)W, p{{u,v,t), p) := {{u,p), (^;,0), t) 

is continuous linear, and 6: C^-i(p[^l xP, E) x C"-1(MW, pW) x P ^ C^-1(MW, P), 

e((T,T,p) := (t(.,p) or 

is continuous by induction. Because the mapping C""(M, P) C"'~^(M[^1, P), 77 1— >• r^I^^ 
and both of the puUbacks C'-{M,F) C^-i(MW,P), 77 ^ 77 o pr^ and C"-^(p, P) : 
C^-i((P X P)W,P) ^ C"-i(pW X P,E) arc continuous, we deduce from (56) that 
{l-iV-iP) ^ 0(7) ^)P)'^' is continuous. Hence so is 0. 
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Induction step on k 

Let A; e N, and suppose that the assertion of the lemma holds when k is replaced with 
A; — 1, for all integers r e Nq. Let r e Nq. Given an element ((7,^7,^), (7i,r7i,Pi), t) e 
(C^+'=(F xP,E)x C^(M, F) X P)li[, we calculate for x e M: 

] (6(7 + t7i, r/ + tr7i,p + tpi) - 0(7, r],p)) (x) 

= j(j{r){x) + tr]i{x),p + tpi) - j{r]{x),p)^ + ji{r){x) + tr]i{x),p + tpi) 

= 7''k(^(2^),P), t) + -fi{'n{x)+trii{x),p + tpi). (57) 

Thus el^[ coincides with the restriction to x P,E) x C'\M,F) x P)li[ of the 

mapping g: (C^+^(F x P,E)x C"'(M,F) x P)W ^ C"'(M,F), 

9{{l,V,P), {7i,Vi,Pi),t) :=6(7'^^op, (^,^1), + 0(7i,^ + %,P + ^Pi) , (58) 

where p: F"^ x P'^l — > (P x P)'^', p{u,v,p,pi,t) := ((m,p), (t",]?!), t) is continuous linear 
and O: C"'+'=-^(p2 x pW, P) x C"'(M,p2) x pW ^ C"'(M,P), 

0(o-,T, {p,Pi,t)) := a(., {p,pi,t))oT 

is of class C^~^, by induction. Since © is C^~^ and hence continuous as a consequence 
of the induction hypothesis, in order that be C^, it only remains to show that g is of 
class C^~^ (then 0^^' = g, which also establishes (53)). Now, the second summand in (58) 
clearly describes a C^~^-map. Also the first summand is C^~\ as puUbacks are continuous 
hnear and is Ct~^. □ 



D Smoothness vs. weak smoothness over local fields 

We vary a classical result of A. Grothendieck concerning mappings on open sets in R": 

Theorem D.l Let K be a local field, E and F he topological K-vector spaces, f:U^F 
a map on an open subset of E, and k eNq. If E is metrizable and F is Mackey complete 
and locally convex, then we have: 

(a) /// is C^, then f is weakly , viz. A o / is for each X e F' . 

(b) // / is weakly C''^^ , then f is . 

In particular, f is smooth if and only if f is weakly smooth. 

Proof, (a) is a trivial consequence of the Chain Rule. 

(b) If we can prove (b) in the special case where U = E is finite- dimensional, then 
for general / the composition / o 7 will be weakly C^~^^ and thus C*^, for every smooth 
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map 7: K'^^^ — > U. Hence / will be by [3, Thm. 12.4]. We may therefore assume that 
U = £■ = for some £. The proof is by induction on k. 

If A; = and f-.E^K^^Fis weakly let x e U and Vl^ C F be a 0-neighbourhood. 
Define 

B := {/li[(x,|/,t):|/eir,teO\{0}}, 

where O C K is the valuation ring, K a compact 0-neighbourhood in E, and f^^\x, y, t) := 
t-^{f{x + ty)- f{x)). Then X{B) C (Ao/)W({a;} xKxO)is compact and thus bounded, 
for each A e F', whence B is bounded in F by [77, Thm. 4.21]. Thus there is i e O \ {0} 
such that tB C W. Then f{y) - f{x) e tB C W for every y e x + tK. Hence / is 
continuous at x. 

Induction step. If A; > 1 and f : E = K.^ ^ F is weakly C^"*"^, given x,y E E choose a 
sequence (tn)neN of pairwise distinct elements in O \ {0} such that in — >■ 0. Set 

B := {{tn-tm)-\f'^{x,y,tm)- f^\x,y,tn)):n,meN}. 

Then X{B) = {(Ao/)[^l((a;, y, tn), (0, 0, 1), tm — tn) : n, m e N} is contained in the compact 
set (Ao/)P]({x} X {y} x O x {(0, 0, 1)} x O) and thus bounded, for each A G F', whence B is 
bounded by [77, Thm. 4.21]. Since f^^^{x,y,tm) — f^^^{x,y,tn) E (tm — ^n)-^) deduce that 
(/l^t(a;, y, tn))raeN is a Mackey-Cauchy sequence in F and thus convergent; we let g{x,y,0) 
be its limit. Then X{g{x,y,0)) = lim„^oo(A o f)^^^{x,y,tn) = (A o f)^^\x,y,0) for each A. 
Furthermore, trivially A(t/(x, y, t)) = (A o /)W(a;, t) for g{x,y,t) r^(/(x + - /(a;)) 
for all {x,y,t) E E X E X . Thus \ o g = [\o f)W ig for each A, whence g is C''~^ 
(and thus C°), by induction. Hence / is with /'^l = g' of class C*^~^, whence / is C''. □ 

E Towards a p-adic analogue of Boman's Theorem 

Boman's Theorem asserts that a mapping / : IR" — > R is smooth if and only if / o 7 : 
R — >■ R is smooth for each smooth curve 7 : R — > R (see [9, Thm. 1]). As is well known, 
this implies that a mapping f : U F from an open subset U C E of a mctrizable 
real locally convex space ii^ to a real locally convex space F is smooth if and only if 
/ o 7 is smooth for each smooth curve 7 : R — > [/ (cf. [47, Thm. 12.8]). It is natural 
to ask whether versions of Boman's theorem remain valid over arbitrary locally compact 
topological fields, or at least in the j9-adic case. A positive answer to this question (which is 
still open) would be quite useful. In the present section, we show that, as in the real locally 
convex case, the validity of Boman's Theorem for functions — > IK entails its validity 
for functions between open subsets of suitable topological vector spaces. Our main tools 
are the exponential laws from Section 12, the adaptations of Grothendieck's Theorem from 
Appendix D, and the characterization of smooth maps on metrizable topological vector 
spaces from [3, Thm. 12.4]. 

^'''For example, combining the results of this section and [26, Cor. 4.3], this would entail that the ex- 
ponential map of a smooth (not necessarily analytic) p-adic Banach-Lie group is automatically a C°°- 
diffeomorphism. This would be an important step towards proving the conjecture that every smooth 
p-adic Banach-Lie group admits a smoothly compatible p-adic analytic Lie group structure. 
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Lemma E.l Let K be the field of real numbers or an ultrametric field. Let A be one of 
the following classes of topological K-vector spaces: 

• The class of all topological K-vector spaces; 

• The class of all sequentially complete topological K-vector spaces; 

• The class of all Mackey complete topological K-vector spaces; 

• The class of all locally convex topological K-vector spaces; 

• The class of all sequentially complete, locally convex topological K-vector spaces; or: 

• The class of all Mackey complete, locally convex topological K-vector spaces. 

Suppose that Boman's Theorem holds for mappings from K^ to topological vector spaces 
in A, i.e., assume the validity of the following statement: 

If f : K^ ^ F is a map into a topological K-vector space F & A, and / o 7 : K ^ F 
is for each -curve 7: K — >• K? , then f is of class C^. 

Then Soman's Theorem holds for mappings f : U F from open subsets U ^ E of metriz- 
able topological K-vector spaces E to topological K-vector spaces F & A, i.e., smoothness 
0/ / o 7 : K — s> F for each smooth curve 7 : K — * ?7 entails smoothness of f . 

Proof. Assuming that the hypothesis of the lemma is correct, we first show by induc- 
tion on n G N that Boman's Theorem holds for mappings / : K" — > F, for all F ^ A. 
The case n = 1 is trivial, and the case n — 2 holds by the hypothesis of the lemma. 
Thus, assume that n > 2 now, assume that Boman's Theorem holds for functions on 
K", and assume that / : K"'~^^ ^ F is a function into some F E A such that / o 7 
is smooth for each smooth curve 7 : K ^ K""^^. Then /(x, .) : K""^ ^ F is smooth 
along smooth curves, for any x E K^, and thus f{x, .) is smooth, by induction. Therefore 
/V : ^ C°°(]K"-\F), /^(x) := /(x, .) is correctly defined. By Proposition 12.6(b), 
the map / = (/^)^ will be smooth if is smooth. Since C°°{K^~^ , F) G .4 by Proposi- 
tion 4.19, /"^ will be smooth if 07; K — > C°°(]K"^^, F) is smooth for each smooth curve 
7 = (71, 72) : IK — K^, by the hypothesis of the lemma. By Proposition 12.6 (b), 07 will 
be smooth if g := (/^ o 7)^ : — > F is smooth. Note that g{t,y) = /(7i(t), 72(^), 2/) for 
t eK,y e K"-\ and thus {g o rj){t) = /(7i(r7i(t)), 72(771 (t)), 772 (t), . . ■ ,Vnit)) is smooth for 
each smooth curve r) — {rji, . . . , rjn) '■ K —>■ K", as / is smooth along smooth curves. Being 
smooth along smooth curves, g : K" ^ F is smooth, by the induction hypothesis. In view 
of our reduction steps, this means that also / is smooth. This finishes the induction. 

To complete the proof, let U be an open subset of a metrizable topological K-vector space, 
F E A and f : U ^ F be a mapping which is smooth along smooth curves. Then the 
composition /or/: K" ^ F is smooth along smooth curves and hence smooth by what has 
already been shown, for any n & N and smooth map rj : — > U. Hence / is smooth, by 
[3, Thm.12.4]. □ 
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Theorem E.2 Let K be a local field. Suppose that Boman's Theorem holds for functions 
from to K, i.e., assume the validity of the following statement: 

If f : K'^ ^ K is a function such that / o 7 : K — > K is for each -curve 
7 : K ^ K^, then f is of class C^. 

Then Boman's theorem holds for mappings f : U ^ F from open subsets U C. E of 
metrizable topological K-vector spaces E to Mackey complete, locally convex topological K- 
vector spaces F, i.e., smoothness 0//07: K — > F for each smooth curve 7: K — > [/ entails 
smoothness of f . 



Proof. Let A be the class of Mackey complete, locally convex topological K-vector spaces. 
We only need to show that the present hypothesis entails the hypothesis of Lemma E.l. 
To this end, let / : — >• F be a map into a Mackey complete, locally convex topological 
K-vector space which is smooth along each smooth curve. If A : F — > K is a continuous 
linear functional, then A o / : K^ — > K is smooth along each smooth curve and hence 
smooth, by the hypothesis of the present theorem. Thus / is weakly smooth and hence 
smooth, by our analogue of Grothendieck's Theorem (Theorem D.l). Thus, the hypothesis 
of Lemma E. 1 is verified. □ 

In the real case, we do have Boman's Theorem available. Thus, we arrive at the conclusion: 

Proposition E.3 Let E be a metrizable real topological vector space, U C. E be an open 
subset and F a locally convex real topological vector space. Then a mapping f : U ^ F is 
smooth if and only if f o j is smooth for each smooth curve 7: M — > [/. 

Proof. We only need to verify the hypothesis of Lemma E.l for K = M and the class A of 
all locally convex, real topological vector spaces. Thus, suppose that / : — > F is a map 
into a real locally convex space which is smooth along smooth curves. Then A o / : — > ]R 
is smooth along smooth curves and hence smooth by Boman's Theorem [9, Thm. 1], for 
each continuous linear functional A on the completion F of F. Hence / : — » F is 
weakly smooth and hence smooth, by Grothendieck's classical theorem. For any n E N 
and x,y G M?, we have d"f{x, y, . . . ,y) = ^|j_o/(^' + ^y) ^ F, as f is smooth along the 
smooth curve R — > R^, t ^-^ x + ty. Hence d^f{x, .) has image in F, by polarization (cf. 
[7, Thm. A]). Now, / : R^ — > F being a smooth map into F with im(d"/) C F for each 
n e No, we deduce that / is smooth as a map into F, as required. □ 



Rerricirk E.4 Note that E need not be locally convex in Proposition E.3, and that no 

completeness properties whatever are presumed for E nor F. Therefore, the result is 
slightly more general than the results in the literature (and those in the folklore). 
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F Spaces of sections in vector bundles and mappings 
between them 

In this appendix, we define bundles of topological vector spaces, topologize their spaces of 
sections, and study differentiability properties of mappings between open subsets of spaces 
of sections. 

In the following, K denotes an arbitrary topological field. Additional properties of K (local 
compactness) will be spelt out explicitly where they are needed. Unless specified otherwise, 
r e No U {oo}. 

Definition F.l Let M be a C^-manifold, modeled on a topological K- vector space Z, and 
F be a topological K-vector space. A C^-vector bundle over M, with typical fibre F, is a 
C^-manifold E, together with a C^-surjection n : E ^ M and equipped with a K-vector 
space structure on each fibre E^ := 7i~^{{x}), such that for each xq G M, there exists an 
open neighbourhood of xo in M and a C£-diffeomorphism 

(called a "local trivialization of E about xq") such that i}{Ex) = {x} x F for each x e 
and pr^ o : ^ F is K-linear (and thus an isomorphism of topological K-vector 
spaces with respect to the topology on E^ induced by E), where pr^: x F — > F is the 
projection on the second coordinate. 

Remark F.2 In the situation of Definition F.l, suppose we are given two local trivial- 

izations i) : n'^^M^) x F and : 7r-i(M^) M^x F. Then 4){il}~^{x,v)) = 

[x, g^^^{x).v) for some function (7^.^: fl — > GL(F) C L{F,F) (the space of contin- 
uous linear self-maps), and G^^^ : (M^ Pi M^) x F —>■ F, {x,v) 1— >• g^^^{x).v is a C^-map 
(since o ijj'^ is so). 

Definition F.3 A C^-section of a C^-vector bundle tt: F ^ M is a Cjj^-map a: M ^ E 
such that -K o a = id^- Its support supp((T) is the closure of {a; e M : (t{x) ^ Q^}- We 
let C"^'(M, E) be the set of all C^-sections in E. If K is locally compact and M is finite- 
dimensional, we let Cj^{M, E) be the set of all C^-sections with support contained in a 
given compact subset K C M. 

Making use of scalar multiplication and addition in the individual fibres, we obtain natural 
vector space structures on C^(M, F) and C^(M, F). The zero-element is the zero-section 
0,: M ^ F, X 1-^ Oj; e Fj;. 

Definition F.4 If tt : F ^ M is a C^- vector bundle with typical fibre F,a: M ^ E a, C^- 
section, and i/j : 7t~^{M^,) x F a local trivialization, we define :— pvp oijj o a\M^ '■ 

F. Thus i>{a{x)) = {x, a^{x)) for all x e M^. 

Note that is a mapping of class here. The symbols 5^^^^, G^^^, and will always 
be used with the meanings just described, without further explanation. 
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Definition F.5 If7r:£'— >Misa vector bundle and A a set of local trivializations ijj of E 
whose domains cover E, then we call A an atlas of local trivializations. 

Lemma F.6 If n : E ^ M is a C^-vector bundle with typical fibre F, and A an atlas of 
local trivializations for E, then 

V:C'{M,E)^Y[C'-{M^,F), a ^ (a^)^^^ 

is an injection, whose image is the closed vector subspace 

H {{U) e n ^'(^v-^ F) ■■ (V*/*, ipeA,yxeM^n M^) f^{x) = g^,^{x).f^{^) } 

Proof. It is obvious that imF C H, and clearly F is injective. If now (/^)^6^ G H, 
we define a : M ^ E via a{x) := ip~^{x, f^{x)) if a; G M^. By definition of H, a{x) is 
independent of the choice of ip. As ip o (t\m^ — {idM^,fip), the mapping cr : M is 
of class C^. Thus cr is a C^-section, and T{a) — {f-4,)'^eA by definition of a. We deduce 
that im r = if. The closedness of H follows from the continuity of the point evaluations 
C"-(M^, F) ^ F, 7 ^ 7(x) for x e M^. □ 

Definition F.7 Let tt : F — > M be a C^-vector bundle, with typical fibre F, and A be 
the atlas of all local trivializations of E. We give C'^{M, E) the vector topology making 
the linear mapping 

tpeA 

a topological embedding. 

By the preceding definition, the topology on C^{M, E) is initial with respect to the family 
{0^)^eA, where 9^ : C^(M, E) ^ C"-(M^, F), a ^ a^. 

Remark F.8 In the situation of Definition F.7, assume that IK is M, C or an ultrametric 
field, and assume that F is locally convex. Then C'^{M^,F) is locally convex for each 
-0 G «4, by Proposition 4.19 (b). Hence also C'^{M, E) is locally convex. 

It suffices to work with any atlas of local trivializations. 

Lemma F.9 The topology on C^{M,E) described in Definition F.7 is initial with respect 
to {9^)^^B, for any atlas B C. A of local trivializations for E. 
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Proof. We let O be the initial topology on C^{M, E) with respect to {0^)^^b, which 
apparently is coarser than initial topology with respect to (^v)V'e^- ^ local trivialization 
(f) E A. Then {M^ fl : ip E B} is an open cover for M^. In view of Lemma 4.12, the 
map will be continuous on (C"'(M, E), O) if the map (C"'(M, E),0) ^ C"-(M^nM^, F), 
c ^ 0^{a)\M^nM^ is continuous for all & B. But, with G^^^ as in Remark F.2, the latter 
mapping is the composition of (G^,^)* : C"'(M^ n M^,F) C^{M^ n M^,F) (which is 
continuous by Proposition 4.16) and ^{M.E) —> C''{M^ r\ M^, F), a i— > Oip{(j)\M^r\M^, 
which is continuous by Lemma 4.11. Thus, O^j, being continuous on {C^'{M, E), O) for each 
(f) E A, the topology O is finer than the initial topology with respect to the family (6'^)</,e^, 
which completes the proof. □ 

Definition F.IO Suppose that tti : i^i — > M and tt2 - E2 ^ M are C^- vector bundles over 
the same base, with typical fibres Fi and F2, respectively. A mapping /:[/—> £^2, defined 
on an open subset U of Ei, is called a bundle map if it preserves fibres, i.e., /(f/H (-E'i)x) ^ 
(i?2)z for all X G M. Then, given local trivializations ^ : ni^{M^) x Fi and 

(p: 7i2^{Mii)) — >• Mff, X F2 of £^1, resp., E2, we have 

for all (x, e [/<^,^ := fl -EiIm^om^) ^ (M/. H M^) x Fi, for a uniquely determined 
mapping 

Theorem F.ll Let r. A; e No U {00}, M be a {not necessarily finite-dimensional) C^'^- 
manifold and tti : Fi — > M, 7:2 : E2 ^ M be C^'' -vector bundles over M, whose typical 
fibres Fl, resp., F2 are arbitrary topological K-vector spaces. Then the following holds: 

(a) If H is a topological K-vector space, P C. H an open subset and f : Ei x P ^ E2 a 
C^^'-map such that fp :— f{*,p) : Ei ^ E2 is a bundle map, for each p E P, then 

O: C^{M,Ei)xP^C^{M,E2), Q{a,p) := C^{MJp){a) = f{,,p)oa 

is a C^-map. 

(b) If f : El ^ E2 is a bundle map of class C^'^, then 

C'{M, f) : C^(M, El) ^ C\M, E2), a^foa 
is a mapping of class C^. 

Proof, (b) directly follows from (a) by taking P H :— {0}. It thus suffices to prove (a). 

We let {Uj)j(zj be an open cover of M such that for every j G J, there are local trivializations 
ipj : n^'^{Uj) Uj X Fl and (pj : 7r^^(f/j) — ^ Uj x F2. For each j e J, the mapping 
hj -.Uj X FiX P ^ F2, hj{x,y,p) := {fp)<p^,i,^{x,y) is C^^. We have 

Pji^i'^)) = ((/p)<^.-,vj*(«j(<^)) = hj{,,p)4aj{a)) 
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for all p e P and a e C''{M,Ei), where : C''{M,Ei) C''{Uj,Fi), a ^ a^. and 
j3j : C"'(M, £"2) — > C^(Uj,F2), a 1— > cr^^^ arc continuous linear maps. By Proposition 4.16, 
the map C"'(f/j,Fi) x P ^ ^(f/j, F2), (7,^) 1-^ h{.,p)^{'y) is C^. In view of Lemma F.6 
and Lemma F.9, Lemma 1.15 shows that is of class C^. □ 

The most interesting cases of Theorem F.ll are (i) r — k — 00; (ii) r e No U {00}, k — 0. 

To illustrate the results, we show that spaces of sections are topological modules over the 
corresponding function algebras. Recall the notion of (Whitney) sums of vector bundles: 

F.12 If TTj : Ej ^ M are C|j-vcctor bundles with fibre Fj for j G {1,2}, over the same 
base M, then Ei®E2 := Ua;eM(-^i)a; ^ (-^2)1 is a C-vector bundle over M in a natural way, 
with projection tt : Ei®E2 M,v ^ xilv & {Ei)x x (£'2)0;. Let (pj : n~^{M^^) M^^ x Fj 
be local trivializations of Ej for j e {1, 2}, and M^^^^^ :— M^^ fl M^j- Then 

01 © 02: 7r-i(M<^^e<^2) ^ M^i^H x (^1 x ^2), 

(01 © (j)2){v,w) := {x,pTp^{(j)i{v)),pTp^{(j)2{w))) for (v,w) e (£;i)^ X (E2)x, is a local trivi- 
alization of Ei® E2. It is easy to see that the linear mapping 

C"-(M, El) X ^-(M, E2) ^ C"-(M, El © E2), (ai, ^2) ^ {x ^ {a^{x), a2{x))) 

is an isomorphism of topological K- vector spaces. 

As an immediate consequence of Theorem F.ll, we have: 

Corollary F.13 Let K &e a topological field and tt: E ^ M be a C^-vector bundle, whose 
fibre is a topological K-vector space F. Then C^{M, E) is a topological C^i^M, K) -module. 

Proof. The function space C^{M,K) can be identified with the space C'^{M,M x K) of 
C^-sections of the trivial bundle pr^^ : M x K — > M with fibre K (cf. Lemma F.9). Thus 
CiM, K) X C"-(M, E) ^ C"'(M, (M x K) ©E). Using this identification, the multiphcation 
map C''{M, K) x C"-(M, E) C''{M, E) has the form 

C"'(M, ^J) : C"-(M, (M X K) © E) ^ C^(M, E), 

where /x : (M x K) © E — > E is the bundle map defined via iJi{{x,z),v) :— zv e E^ 
(scalar multiplication) for all x e M, z & K, and v & E^. Given any local trivialization 
V' : 7r~^(M^) ^ X F of E, using the global triviahzation (f) := id : M x K ^ M x K 
we have ij,^^^q^{x, z,v) = zv E F, for all {x,z,v) G x IK x F, showing that the map 
f^ip,<f><Silj '■ X IK X F — > F is of class C^. Thus /x is a C^-bundle map. By Theorem F.ll (b) 
(applied with A; = 0), ^(M, /x) is continuous. □ 

If TT : F — > M is a C^-vector bundle and U an open subset of M, then '■ E\u — > U 
makes the open submanifold E\ij :— 7r~^{U) of F a C£- vector bundle over the base U. 
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Definition F.14 Let K be a locally compact topological field, tt: £■ — > M be a C£- vector 
bundle over a finite- dimensional C]^-manifold M, and K C. M he compact. We equip 
C^^iM, E) with the topology induced by C"-(M, E). 

Lemma F.15 Let tt : E ^ M be a C^-vector bundle over a finite- dimensional C^- 
manifold M , and U be an open subset of M. Then the following holds: 

(a) The restriction map C^{M,E) —>■ C^{U, E\u), cr i— >• a\u is continuous. 

(b) Assume that K is locally compact, M a finite- dimensional C^-manifold and K <Z U 
a compact subset. Then the restriction map pu : Cl^{M,E) C^{U,E\u) is an 
isomorphism of topological vector spaces. 

Proof, (a) Since every local trivialization oi E\u also is a local trivialization of E, Part (a) 
is apparent from the definition of the topologies. 

(b) As a consequence of (a), also pu is continuous. Apparently, it is a linear bijection. 

To see that po is an isomorphism of topological vector spaces, we let be an atlas of local 
trivializations for E\m\k, and Ai be an atlas for E\u. Then the topology on C^{U, E\u) is 
initial with respect to the family of mappings : C^{U, E\u) C^{M^, F), a a^, for 
ifj e Ai. Furthermore, by Lemma F.9, the topology on C^{M, E) is initial with respect to 
family of mappings 9^ : C^(M, E) C''{M^, F) for tj) e AqU Ai (defined analogously). 
As 9^ o Pu — 9^ for all & Ai and 9^ — for all t/j E Ao, the assertion easily follows. □ 

A variant of Lemma 4.12 (and Lemma F.6) will be needed. 

Lemma F.16 Let n: E ^ M be a C^r-vector bundle, and {Uiji^i be an open cover of M. 
For each i & I , let pi'. C'^{M, E) C^{Ui, E\ui) be the restriction map. Then 

p:={pi).^i: C'{M,E)^\{C^{U,,E\jj,), p{a) := (a|c;,W 
is a topological embedding, with closed image. 

Proof. Each pi being continuous by Lemma F.15 (a), also p is continuous. To see that p 
is an embedding, consider the set A of all local trivializations ip : E\m^ — * M,^ x F of E 
such C Ui for some i G /; here F is the typical fibre of E. Then A is an atlas of local 
trivializations for E, and the topology on C^{M,E) is initial with respect to the family 
(^v)v'e^ of the maps 9^ : C"^(M, E) C^(M^, F), 9^{a) := (Lemma F.9). If C Ui, 
then 9^{a) = = {o-\uJ^ = {pi{a))^ shows that 9^ is continuous with respect to the 
topology induced by p on C"'(M, E). As a consequence, p is a topological embedding. To 
complete the proof, note that 

H := |((7i)i6/ G JJC"'(t/i,F|[/,): (Vi,j G /) ai\u,r^Uj = CTjluinUj} 
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is closed in lli^iC''{Ui, E\if^), the restriction maps C''{Ui,E\ui) ^{1/^0 Uj,E\uinUj) 
being continuous (Lemma F.15(a)). Clearly im(p) C H. If, conversely, {ai)i(zi G H, then 
cr(a:) := cri{x) if a; G ?7j gives a well-defined section a: M ^ E. Clearly a G C^{M, E) and 
p((t) = {ai)i^i. Thus im(p) = H is closed. □ 

Definition F.17 Let IK be a locally compact topological field, M be a paracompact C£- 
manifold modeled on a finite-dimensional IK- vector space Z, and tt : — > M be a C£- vector 
bundle with fibre an arbitrary (Hausdorff, not necessarily locally convex) topological K- 
vector space F. Then the set 

C^(M, E) := {(7 G C"^(M, E) : supp((7) is compact } 

of compactly supported C^-sections is a IK- vector subspace of C^{M, E), and Cl{M, E) — 
UkgK(m) ^xi^i^)-: where /C(M) denotes the set of all compact subsets of M. In the 
following, we consider three vector topologies on Cl{M, E): 

(a) We write Cl{M, E)tvs for C^{M, E), equipped with the finest (a priori not necessarily 
Hausdorff) vector topology making the inclusion maps Xk'- C^{M,E) — > Cl{M,E) 
continuous for each compact subset K C M. Thus C^'(M, i?)tvs = lim C]^(M,i?) in 
the category of not necessarily Hausdorfi' topological K- vector spaces and continuous 
IK-linear maps. 

(b) If F is locally convex, we write Cl{M, E)\cx for C^ (M, E), equipped with the finest (a 
priori not necessarily Hausdorff) locally convex vector topology making the inclusion 
maps Xk ■ Cj^{M, E) Cl{M, E) continuous for each compact subset K Q M. Thus 
Cc(M,£') lex = hmC]^(M, £■) in the category of not necessarily Hausdorff, locally 
convex topological K-vector spaces and continuous IK-linear maps. 

(c) As M is paracompact and locally compact, there exists a locally finite cover lA — 
{Ui)iei of M by relatively compact, open subsets C/j C M. We define 

pu: Cl{M,E) ^ C^{Ui,E\u:), pui'j) := {Pi{<j))iei = {<j\u,)iei , 
iei 

where pi : C^{M,E) C^{Ui, E\u.) is the restriction map for i & I. We write 
Cl{M, -E)box for Cl{M, E), equipped with the topology Ou induced by pu, where the 
direct sum is endowed with the box topology. 

Lemma F.18 In the situation of Definition F.17(c), assume that both U — {Ui)i^i and 
V = (yj)j^j are locally finite covers of M by relatively compact open sets. Then Ou = Oy. 
In other words, the box topology on C^{M,E) is independent of the choice ofU. 

Proof. The topologies Ou and Ov are induced by pu : Cl{M,E) 0.^^ C^([/„E|^J, 
pu{a) := {(T\ui)iei and pv : C^{M,E) ^.^j CiVj, E\vj), pv{a) := {a\v^)j^j, respec- 
tively. Using Lemma F.16 instead of Lemma 4.12, we can repeat the proof of Lemma 8.10 
verbatim to get the desired result. □ 
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Proposition F.19 Let M be a paracompact, finite- dimensional C^-manifold over a locally 
compact topological field K. Let n : E ^ M be a C^-vector bundle over M , with typical 
fibre a topological K-vector space F. Then the following holds: 

(a) The box topology on C^{M, E)^,^^ is Hausdorff. For every locally finite cover U — 
{Ui)i^i of M by relatively compact, open subsets Ui C M, the map 

pu-. Cl{M,E\,^ ^ C^{U,,E\u,), pu{a) := {a\udia 

has closed image, and Pwl™''" is an isomorphism of topological vector spaces. The 
inclusion map C^(M, _E)box C^{M,E) is continuous. If F is locally convex, then 
C^{M, E)\yo:g_ is locally convex. 

(b) The inclusion map \k '■ Cl^{M,E) — > C^(M, _E')box is continuous and induces the 
given topology on Cl^{M, E), for each compact subset K C M. 

(c) The map $ : Q(M, £;)tvs ^ E\^^, $(7) := 7 is continuous. Thus Cl{M, E)tys 
is Hausdorff and induces the given topology on each C'^{M, E). IfK^C and M is 
a-compact, then $ is an isomorphism of topological K-vector spaces. 

(d) If F is locally convex, then "^f : C^{M, -E)icx — ^ C^{M, -E)box; ^(7) := 7 is continuous. 
Hence C^{M, E)icx is Hausdorff and induces the given topology on each Cj^{M,E). 
// K 7^ C and M is a-compact, then ^ is an isomorphism of topological K-vector 
spaces. 

(e) If K is a local field and U — {Ui)i^i is a cover of M by mutually disjoint, compact 
open sets {cf. Lemma 8.3 (b)), then 

pu: C:{M,E)^o. ^ C'^{Ui,E\u,), pu{a) := {a\u,)ia 

is an isomorphism of topological vector spaces onto the direct sum, equipped with the 
box topology. 

(f ) If K is a local field and F is locally convex, then ^ is an isomorphism of topological 
K-vector spaces, i.e., Cl{M, E)ic^ = Cl{M, -E')box- 

In particular, Cl{M, E\^^ = Cl{M, E)tvs = C;(M, E)i^^ ifK^C andM is a-compact. 

Proof, (a) Using Lemma F.16 instead of Lemma 4.12 and Remark F.8 instead of Propo- 
sition 4.19 (b), the proof of Proposition 8.13 (a) carries over. 

(b) Using Lemma F.15 (b) and Lemma F.16 instead of Lemma 4.24 and Lemma 4.12, 
respectively, the proof of Proposition 8.13 (b) can be repeated verbatim. 
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(c) Note that, C'~{Ui,E\ui) being a topological C^(C/i, K) -module (Corollary F.13), the 
multiplication operator nih: C^{Ui, E\ui) — > C^{M, E\ui), mh{(T){x) := h{x)a{x) is contin- 
uous, for each i G / and h G C^{Ui, K). The assertion therefore follows along the lines of the 
proof of Proposition 8.13 (c) (with F := K), using Lemma F.15 (b) instead of Lemma 4.24. 

(d) We argue as in the proof of Proposition 8.13 (d). 

(e) We argue as in the proof of Proposition 8.13 (e), taking F :— K. 

(f) Using Lemma F.15 (b) instead of Lemma 4.24, we can proceed as in the proof of 
Proposition 8.13 (e) (taking F := K). □ 

Throughout the following, spaces of compactly supported sections in vector bundles will 
always be equipped with the box topology. We abbreviate C^(M, E) :— Cl{M, -E')box- 

Remark F.20 If K = R, M is cr-compact and the fibre F is locally convex, then the box 
topology on C^^M, E) coincides with the locally convex topology traditionally considered 
on this space of compactly supported sections, as a consequence of Proposition F.19 (d) 
and Proposition 4.19 (d). 

Remark F.21 Let M be a paracompact. finite-dimensional C^-manifold over a locally 
compact field K (where r G Nq U {oo}), and ti : E ^ M he a, Cj^- vector bundle, with 
fibre an arbitrary topological K-vector space. Let {U-iji^i be a locally finite cover of M by 
relatively compact, open subsets Ui <^ M and pj : C^^{M,E) — > C^{Ui, E\u.), Pi{a) := cr|[/. 
be the restriction map for i G /. Then 

{Cl{M,E),{p,),a) 
is a patched topological vector space, by Proposition F.19 (a). 

The ri-Lemma with Pcirameters 

In the following, we prove generahzations of the so-called "Q-Lemma" (see [57, Thm. 8.7]), 
formulated in [57] for mappings between subsets of spaces of compactly supported smooth 
sections in finite-dimensional real vector bundles. An essential ingredient of the proof will 
be a version of Proposition 8.21 for functions depending on parameters. 

Lemma F.22 Let K 6e a locally compact topological field and tt: E ^ M be a C^-vector 
bundle over a paracompact, finite- dimensional C^-manifold M. Let fl Q E be an open 
subset. Then 

Cl{M, fi) := {a G C;(M, E) : a(M) C fi} 
is an open {possibly empty) subset of Cl{M, E) . 

Proof. The present proof is not the shortest one; it is stated as follows because in exactly 
this form it can be re-used to prove Theorem F.23. 

Let a G C^(M, n). Using the paracompactness and local compactness of M, we find 
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locally finite covers {Ui)i^i and {Mi)i^j of M by relatively compact, open sets such that 
Ki := Ui C Mi and E\Mi is a trivial vector bundle, for each i & I.'^^ Let ijji : E\Mi — x F 
be a trivialization of £J|Mi, where F is the typical fibre of E. Then 

: C:{M, ^) - C^(M„ F) , k{t) := (r^J.^/ = {{r\M.h^^^I 
iei 

is a topological embedding, by definition of the box topology on C^{M, E) and Lemma F.9. 
For each i e 7, the set fij := ■0i(^l^-E'|Mi) is an open neighbourhood of the compact subset 
{(x, (T^- (x)) : a; G K^) of x F. Since a^^ is continuous, a standard compactness argument 
provides finite families {Uij)j^j. and {Mij)j^j. of relatively compact, open subsets Mj j C 
Mj and relatively compact, open subsets Uij C M^j such that C UjeJ, ^«>i' open 
0-neighbourhoods C F such that 

X {cr^iiMij) + Wij) C fli for each i e / and j e Ji . (59) 

Set L := {(i, j) :iel,je Ji}. After replacing 7 by L, (Ui)iei by (C/i,j)(i,j)eL, (Mj)^^/ by 
{Mij)(^ij)^L, and by (■^ilBiM^ .)(ij)eL, instead of (59) we may assume without loss of 

generahty that there exist open 0-neighbourhoods Wi C F such that 

MiX{a^XM^)+W^)Cfli (60) 

for each i ^ I. Then Vi := a.^.{K.i) + IVj is an open neighbourhood of a^.{Ki) in F, for 
each i E I, and it is a 0-neighbourhood in F for all but finitely many i. Then [Ki, Vi\r '■— 
{7 G C"'(Mi, F) : 7(7^^) C Vi} is an open subset of ^(Mi, F) and 




is an open neighbourhood of a in C^{M, E). Since {Ki)i(zi is a cover of M, we deduce from 
(60) that V C Q(M, Q). Thus C^(M, Q) is a neighbourhood of a. □ 



Theorem F.23 (f2-Lemma with Pcirameters) Let K be a locally compact topological 
field and r. A; G No U {00}. Let tti : Fi — > M and 7r2 : F2 — > M be C^'' -vector bundles over 
the same paracompact, finite-dimensional C^'' -manifold M , whose fibres Fi, resp., F2 are 
arbitrary topological K.-vector spaces. Let P C Z be an open subset of a finite- dimensional 
K-vector space Z , Q C Ei be an open subset, and 

f-.QxP^ E2 

^^Every x G M has a relatively compact open neighbourhood Qx such that E\q^ is trivial; let Px be an 
open neighbourhood of x such that Px C Qx. Since M is paracompact, there exists a locally finite open 
cover {Ui)iQi subordinate to {Px)xeM- Then Ui C P^,. for some Xi £ M, whence Ui is relatively compact. 
By Lemma 8.5, there exists a locally finite cover {Ui)i^i of M by relatively compact open sets such that 
Ui C Ui for each i. We define Mj := Ui D Qx^; then {Ui)i^i and {Mi)i^j have the desired properties. 
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be a mapping of class such that fp :— f{;p) : O, ^ E2 is a bundle map, for each 

p & P. We assume that there exists a compact subset K C M such that Oj; G for each 
X E M \ K , and f{Ox,p) = Ox for each x E M \ K and p G P {using the same symbol 0, 
for the 0-section of Ei and E2, resp.) Then the mapping 

<j>: C^M, n)xP^ CUM, E2) , <f>{a,p) :^fpOa 

is C|. In particular, if k ^ r ^ 00, then 4>: C^{M, fl) x P ^ C^{M, E2) is smooth. 

Proof. Note first that for a e Cl{M, Vt) and p e P, we have 

supp(0((7,p)) C X U supp((j) . 

Hence 4>{o',p) is indeed compactly supported, and tfius im(0) C C^{M, E2). To see that 
is of class C^, we now fix o" e C^(M,fi). We let (Mj)^^/, (V'j)i6/, (i^i)ie/, (^i)ie/> 

K : Cl{M,E^) ^ 0.^, C^(M„Fi), k{t) := (r^J.g, and V := (0.^, [K,,Vi\r) be as 
in the proof of Lemma F.22 (applied with E := Ei and F := Fi). Because we can choose 
each Qx so small that also E2\q^ is trivial in the proof of Lemma F.22, we may assume 
without loss of generality that also £"2! Mi is trivial, for each i E I. Let (pi: E2\Mi ^ MiX F2 
be a triviahzation. Abbreviate Ui :— 4>i\^^^^ '■ E2\ui ^ Ui x F2. Then 

K2 : C:{M, E2) ^ C^{U,, F2) , K2{t) (r^J.^/ = ((r|f/J..),,, 

is a topological embedding onto a closed vector subspace, as a consequence of Proposi- 
tion F.19 (a) and Lemma F.9. For each i e /, the map 

fi-. MiXViXP ^ F2, fiix,y,p) := pr^iMfi^i\x,y),P))) 

is of class Ck^*^, where pr2: Mj x F2 — > F2 is the second coordinate projection. Hence, by 
Proposition 4.23(a), the map 

gi : [Ki,Vi\r X P ^ C''{Ui,F2) , gi{7,p){x) := fi{x,-f{x),p) 

is of class Ci, where [Ki,Vi\r := {7 G C"'(Mi,Fi) : -f{Ki) C Vi}. Furthermore, G 
[Ki, Vi\r and gi{0,p) = whenever Mid {K U supp((T)) = 0, which is the case for all but 
finitely many i ^ I. Hence, by Proposition 6.10, the map 

g: l^[Ki,Vi\A xP ^ 0C^([/.,F2), g[J2^^, p) := J]^«(%,P) 
\ iei / iei iei iei 

is of class C^. Since the diagram 

C^iM, n)xP D VxP (0.,, [Ki, Vi\r) X P 

0|yxP i ig 
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commutes and K2 is an embedding of topological vector spaces with closed image, we 
deduce with Lemma 1.15 that 0|vxP is C| on the open neighbourhood V x P oi {cr} x P 
in C^{M, fl) X P. As a was arbitrary, 4> is Cr- ^ 

Specializing to a singleton set of parameters, we obtain: 

Corollsiry F.24 (f2-Lemma) Let K be a locally compact topological field and r,k E 
No U {00}. Let TTi : i?i — > M and 712 '■ E2 ^ M be C^'' -vector bundles over the same 

paracompact, finite- dimensional -manifold M , whose fibres Fi, resp., F2 are arbitrary 
topological K-vector spaces. Let fl C Ei be an open neighbourhood of the image of a sec- 
tion ao G C^(M, El), and / : Q — > £'2 be a bundle map of class C^'', such that / o ctq has 
compact support. Then the map 

(j):C:{M,n)^C:{M,E2), (p{a):=foa 

is of class C^. □ 

Remark F.25 The following special cases of Corollary F.24 are of particular interest: 

(a) If A; = r = 00, then C^{M, f) : C~(M, O) ^ C^{M, E2),a^ foais smooth. 

(b) If r e No and A; = 0, then Cl(M, f) : Cl{M, Q) Cl(M, E2),a^ foa is continuous. 

To illustrate the results, let us prove that spaces of compactly supported sections are 
topological modules over the corresponding test function algebras. First, we observe: 

F.26 If K is locally compact and the manifold M is finite-dimensional and paracompact 
in the situation of F.12, then apparently also the linear mapping 

CliM, El) X Cl{M, E2) ^ Cl{M, El E2), {ai, (72) ^ {x ^ {ai{x), a2{x))) 

is an isomorphism of topological K-vector spaces. 

As an immediate consequence of Theorem F.ll and Corollary F.24, wc now obtain: 

Corollary F.27 Let K 6e a locally compact topological field, M be a paracompact, finite- 
dimensional C^-manifold, and tt: — > M be a C^-vector bundle, whose fibre is a topolog- 
ical K-vector space F. Then Cl{M, E) is a topological C^{M, K) -module. 

Proof. The proof of Corollary F.13 carries over verbatim, using Corollary F.24 and F.26 
instead of Theorem F.ll (b) and F.12. □ 



Remark F.28 If A is an associative topological K- algebra and M a C^-manifold, we 
define a bundle of topological A-modules as a C|j- vector bundle tt: E ^ M whose typical 
fibre F is a topological ^-module, and equipped with an atlas A of local trivializations 
such that im{g(j)^^) consists of topological ^-module automorphisms of F, for all (pjip & A. 
In this case, wc sec as in the proof of Corollary F.13 that C^{M,E) is a topological 
C"'(M, A)-modulc (under pointwise operations). If K is locally compact and M is finite- 
dimensional and paracompact, then C^(M, E) is a topological Cl{M, Aj-module (cf. proof 
of Corollary F.27). 
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Almost local mappings between spaces of compactly supported sections 

Our considerations from Section 10 carry over directly to the case of mappings between 
spaces of compactly supported sections in vector bundles (equipped with the box topology). 
Compare the earlier works [32] and [33] for a discussion of the real locally convex case, 
based on the locally convex direct limit topology on spaces of compactly supported sections. 

Definition F.29 Let K be the field of real numbers or a local field. Given r,s,k G 
No U {oo}, let Tii: El ^ M he a. C]^-vector bundle over a paracompact, finite-dimensional 
C£-manifold M, with fibre an arbitrary topological K- vector space Fi. Let 7^2'- E2 ^ N 
be a C|^- vector bundle over a paracompact, finite-dimensional C^-manifold N , with fibre 
an arbitrary topological K- vector space F2. Finally, let / : P ^ C^{N,E2) be a mapping, 
defined on an open subset P C C^[M, Ei). 

(a) / is called almost local if there exist locally finite covers {Ui)i^i of M and (Fi)ig/ of N 
by relatively compact, open sets such that, for alH e / and a,T & P with a\u^ — t\u^, 
we have = /(r)|y.. 

(b) / is called locally almost local if every a & P has an open neighbourhood Q Q P 
such that /Iq is almost local. 

(c) In the special case where M — N, we call f : P ^ C^{M, E2) a local mapping if, for 
all X e M and a E P, the element f{a){x) only depends on the germ of a at x.^^ 

It is easy to see that every local mapping is almost local. 

Theorem F.30 (Smoothness Theorem) Let f : Cl{M, Ei) D P ^ Q(A^, E2) be a map 
as described in Definition F.29. // fx '■= /|pnc^(A^,Ei) is of class for every compact 
subset K C M and f is locally almost local, then f is of class C^. 

Proof. Given a e P, there exists an open neighbourhood Q of cr in P such that /|q is 
almost local. As a was arbitrary, the assertion will follow if we can show that f\w is of 
class for some open neighbourhood of a in Q. To this end, it suffices to show that 
the mapping g : Q — a ^ C*(iV, £^2), g{T) '■= f{cF + t) — f{a) is of class on some 
open zero-neighbourhood. As /|q is almost local, we find locally finite covers {Ui)i^i of M 
and {Viji^i of with each Ui and Vi relatively compact and open, such that /(t)!^. only 
depends on r|(7., for all r & Q. Then apparently also 5'(T)|y. = g{K)\vi for all r, k e Q — o" 
such that T\ui = i^\ui) showing that also g is almost local. Furthermore, given a compact 
subset K C M, the map g\{Q-cT)r\C^ (m,Ei) is of class C^, since so is the restriction of / to 
Q n C'^usupp(a)(^' ^i)- We abbreviate R:=Q-a. 

Next, we pick a locally finite open cover {Ui)i(zi of M such that Ui C Ui holds for the 
compact closures, for all i e /; such a "thickening" exists by Lemma 8.5. For each i e /, 

^''More precisely, we require f{a){x) = f{T){x) for all a; € M and a,T & P with the same germ at x. 
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we pick a mapping hi e C"'(C/i,K), with compact support Ki :— supp(/ii), which is con- 
stantly 1 on Ui (see Lemma 8.8 if K is a local field; the real case is standard). 

By Remark F.21, the family {pi)ia of restriction maps pi : Cl{M,Ei) C^{Ui, Ei\jj,) 
is a patchwork for Cl{M,E^). We let p : Cl{M,Ei) 0.^^ C"^(C/i, =: S be the 

corresponding embedding taking r to Pi{^) ■ Similarly, the family {^i)iei of restriction 
maps ^i-. C^{N, E2) C'{Vi, E2\vi) is a patchwork for Cl{N, E2). 

The mapping p being a topological embedding, we find an open 0-neighbourhood HQS 
such that p~^{H) C R. The direct sum being equipped with the box topology, after shrink- 
ing H we may assume that H = 0jgj Ai for a family (Aj)jg/ of open 0-neighbourhoods 
Ai C C^[Ui, Ei\fj ). As a consequence of Corollary F.13, the multiplication operator 
Phi '■ C^{Ui, Ei\fj ) C^.{Ui, Ei\fj), T ^ hi ■ T is continuous linear. Hence, we find an 

open zero-neighbourhood Wi C Ai such that hi -Wi Q R, where we identify CJ^.{Ui, Ei\^,) 
with C^.{M,Ei) as a topological IK- vector space in the natural way, extending sections 
by (cf. Lemma F.15 (b)). Then W :— P~^{®i^iWi) C is an open zero-neighbourhood 
in Q(M, El) such that pi{W) C Wi for each iel.We define 

Qi-.Wi^ C'{Vi, E2\vi), 9i ■= 6 o c/|Rnc^.(M,Ei) ° Philwi ■ 

Then gi is of class C^, being a composition of C|^-maps. Note that ^^(^'(t)) = giT)\vi — 
9{hi ■T)\vi = gi{T\jj,) for each t &W and i e /. Thus {gi)i£i is compatible with g\w in the 
sense of Definition 8.20. We have shown that g\w is a patched mapping which is of class 
on the patches. By Proposition 8.21, g\w is of class C^. □ 
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